arXiv: 1504.08185v5 [math.AG] 24 Dec 2015 


ON ADDITIVE HIGHER CHOW GROUPS OF AFFINE 

SCHEMES 

AMALENDU KRISHNA AND JINHYUN PARK 


Abstract. We show that the multivariate additive higher Chow groups of a 
smooth affine fc-scheme Spec (i?) essentially of finite type over a perfect field k of 
characteristic ^ 2 form a differential graded module over the big de Rham-Witt 
complex In the univariate case, we show that additive higher Chow 

groups of Spec {R) form a Witt-complex over R. We use these structures to 
prove an etale descent for multivariate additive higher Chow groups. 


1. Introduction 

The additive higher Chow groups TCH'^(A, u; m) emerged originally in |S] in 
part as an attempt to understand certain relative higher algebraic A-groups of 
schemes in terms of algebraic cycles. Since then, several papers [16], im, na, 
[H], [26], [27], [28] have studied various aspects of these groups. But lack of a 
suitable moving lemma for smooth affine varieties has been a hindrance in studies 
of their local behaviors. Its projective sibling was known by HT]. During the period 
of stagnation, the subject has evolved into the notion of ‘cycles with modulus’ 
CW{X\D,n) by Binda-Kerz-Saito in [T], [TJ] associated to pairs (A, D) of schemes 
and effective Cartier divisors D, setting a more flexible ground, while this desired 
moving lemma for the affine case was obtained by W. Kai [2] (See Theorem 14.ip . 

The above developments now propel the authors to continue their program of 
realizing the relative A-theory A„(A x Spec (t)) in terms of additive 

higher Chow groups. More specihcally, one of the aims in the program considered in 
this paper is to understand via additive higher Chow groups, the part of the above 
relative A-groups which was proven in [2] to give the crystalline cohomology. This 
part turned out to be isomorphic to the de Rham-Witt complexes as seen in [T2|. 
This article is the hrst of the authors’ papers that relate the additive higher Chow 
groups to the big de Rham-Witt complexes of [S] and to the crystalline 

cohomology theory. This gives a motivic description of the latter two objects. 

While the general notion of cycles with modulus for (X, D) provides a wider 
picture, the additive higher Chow groups still have a non-trivial operation not 
shared by the general case. One such is an analogue of the Pontryagin product on 
homology groups of Lie groups, which turns the additive higher Chow groups into 
a differential graded algebra (DGA). This product is induced by the structure of 
algebraic groups on and Gm and their action on X x =: X[r] for r > 1. 
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The usefulness of such a product was already observed in the earliest papers on 
additive 0-cycles by Bloch-Esnault [3] and Riilling [2S]. This product on higher 
dimensional additive higher Chow cycles was given in [19] for smooth projective 
varieties. In l|5]of this paper, we extend this product structure in two directions: 
(1) toward multivariate additive higher Chow groups and (2) on smooth affine 
varieties. In doing so, we generalize some of the necessary tools, such as the 
following normalization theorem, proven as Theorem 13.21 Necessary dehnitions 
are recalled in l| 2 l 

Theorem 1.1. Let X be a smooth scheme which is either quasi-projective or essen¬ 
tially of finite type over a field k. Let D he an effective Cartier divisor on X. Then 
each cycle class in CII^(X|Zl,n) has a representative, all of whose codimension 1 
faces are trivial. 

The above theorem for ordinary higher Chow groups was proven by Bloch and 
has been a useful tool in dealing with algebraic cycles. In this paper, we use the 
above theorem to construct the following structure of differential graded algebra 
and differential graded modules on the multivariate additive higher Chow groups, 
where Theorem 11.21 is proven in Theorems 17.1117.101 and 17.111 while Theorem 11.31 
is proven in Theorem 16.131 

Theorem 1.2. Let X be a smooth scheme which is either affine essentially of 
finite type or projective over a perfect field k of characteristic 7 ^ 2 

( 1 ) The additive higher Chow groups {TCH'^(X, n; has a functorial 

structure of a restricted Witt-complex overk. 

( 2 ) If X = Spec (i?) is affine, then {TCH'^(X, u; has a structure of 

a restricted Witt-complex over R. 

(3) For X as in (2), there is a natural map of restricted Witt-complexes : 

TCH”(R, n; m). 

Theorem 1.3. Let r > 1. For a smooth scheme X which is either affine es¬ 
sentially of finite type or projective over a perfect field k of characteristic 7 ^ 2, 
the multivariate additive higher Chow groups {CW{X[r]\Dm,n)}q,n>o with mod¬ 
ulus m = (mi,-- - ,mr), where m, > 1, form a differential graded module over 
the DCA {TCH'^(X, u; |m| — l)}g^„>i, where |m| = hn particular, each 

CW{X[r]\DmW) aW{\jn\-i){R)-wiodule, when X = Spec (i?) is affine. 

The above structures on the univariate and multivariate additive higher Chow 
groups suggest an expectation that these groups may describe the algebraic K- 
theory relative to nilpotent thickenings of the coordinate axes in an affine space 
over a smooth scheme. The calculations of such relative iC-theory by Hesselholt 
in [9] and [10] show that any potential motivic cohomology which describes the 
above relative TT-theory may have such a structure. 

As part of our program of connecting the additive higher Chow groups with the 
relative A"-theory, we show in [ 22 ] that the above map is an isomorphism when 
X is semi-local in addition, and we show how one deduces crystalline cohomology 
from additive higher Chow groups. The results of this paper form a crucial part 
in the process. 
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Recall that the higher Chow groups of Bloch and algebraic iC-theory do not 
satisfy etale descent with integral coefficients. As an application of Theorem 11.31 
we show that the etale descent is actually true for the multivariate additive higher 
Chow groups in the following setting: 

Theorem 1.4. Let r > 1 and let X be a smooth scheme which is either affine 
essentially of finite type or projective over a perfect field k of characteristic ^ 2. 
Let G be a finite group of order prime to char(fc), acting freely on X with the 
guotient / : A —)■ X/G. Then for all q^n > and and m = (mi, • • • ,mr) with 
rui > 1 for 1 < i < r, the pull-back map f* induces an isomorphism 

CWiX/G[r]\D^,n) ^ H°(G, CH'?(A[r]|Zl^,n)). 

Note that the quotient X/G exists under the hypothesis on X. Since the corre¬ 
sponding descent is not yet known for the relative A-theory of nilpotent thickenings 
of the coordinate axes in an affine space over a smooth scheme, the above theorem 
suggests that this descent could be indeed true for the relative A-theory. 

Conventions. In this paper, k will denote the base held which will be assumed 
to be perfect after A fc-scheme is a separated scheme of hnite type over k. 
A fc-variety is a reduced fc-scheme. The product X x Y means usually X x^Y, 
unless said otherwise. We let Schfc be the category of fc-schemes, Sm^ of smooth 
fc-schemes, and SmAff^ of smooth affine fc-schemes. A scheme essentially of hnite 
type is a scheme obtained by localizing at a hnite subset (including 0) of a hnite 
type fc-scheme. For C = Schfc, Sm^, SmAff*,, we let be the extension of the 
category C obtained by localizing at a hnite subset (including 0) of objects in C. 
We let SmLoCfc be the category of smooth semi-local fc-schemes essentially of hnite 
type over k. So, SmAff^®® = SmAff^ U SmLoCfc for the objects. When we say a 
semi-local fc-scheme, we always mean one that is essentially of hnite type over k. 
Let SmProj;. be the category of smooth projective fc-schemes. 

2. Recollection of basic definitions 

For = Proj^(/c[so, si]), we let y = si/sq its coordinate. Let □ := P^\{1}. For 
n > 1, let (i/i, • • • ,yn) G be the coordinates. A face F C means a closed 
subscheme dehned by the set of equations of the form {i/jj = ci,-- - ,i/j^ = e^} 
for an increasing sequence {ifl < j < s} C {I,-- - ,n} and Cj G {0, cxd}. We 
allow s = 0, in which case F = Let □ := Ph A face of □ is the closure 
of a face in □”. For 1 < z < n, let Fjjj C □ be the closed subscheme given 
by {yi = !}• Let Ff := which is the cycle associated to the closed 

subscheme \ Let OP = 0° := Spec(fc). Let in,i,e ■ be the 

inclusion (z/i, • • • , z/„_i) (z/i, • • • , z/i_i, e, z/*, • • • , yn-i). 

2.1. Cycles with modulus. Let X G Sch^®®. Recall ([211 §2]) that for ehective 
Cartier divisors Di and D 2 on A, we say Di < D 2 Di + D = D 2 for some 
ehective Cartier divisor F on A. A scheme with an effective divisor (sed) is a 
pair {X,D), where A G and D an ehective Cartier divisor. A morphism 

/ : {Y, E) (A, D) of seds is a morphism f :Y —)■ A in such that f*{D) is 

dehned as a Cartier divisor on Y and f*{D) < E. In particular, f~^{D) C E. If 
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f : Y —)■ X is a morphism of /c-schemes, and (X, D) is a sed such that / ^{D) = 0, 
then / : [Y, 0) —)■ (X, D) is a morphism of seds. 

Definition 2.1 ([T], [T5]). Let (X, D) and {Y, E) be schemes with effective divi¬ 
sors. Let Y = Y\E. Let V C X x F be an integral closed subscheme with closure 

V C X xY. We say V has modulus D (relative to E) ii Vy{D xY) < i^y{X x E) 

—N —N — — 

on V , where uy : V ^l/'^Xx^is the normalization followed by the closed 
immersion. 

Recall the following containment lemma from [211 Proposition 2.4] (see also [H 
Lemma 2.1] and [T^ Proposition 2.4]): 

Proposition 2.2. Let (X, D) and {Y, E) be schemes with effective divisors and 

Y = Y \ E. If V G X X Y is a closed subscheme with modulus D relative to E, 
then any closed subscheme W gV also has modulus D relative to E. 

Definition 2.3 ([T], [T5]L Let {X,D) be a scheme with an effective divisor. For 
s E 1i and n > 0, let Zg{X\D,n) be the free abelian group on integral closed 
subschemes R C X x of dimension s + n satisfying the following conditions: 

(1) (Face condition) for each face E G V intersects X x E properly. 

(2) (Modulus condition) V has modulus D relative to Ef on X x 

We usually drop the phrase “relative to Ef” for simplicity. A cycle in Zg{X\D, n) 
is called an admissible cycle with modulus D. One checks that (n i—)■ Zg{X\D,n)) 
is a cubical abelian group. In particular, the groups z^(X|Zl,?7,) form a complex 
with the boundary map d = ~ where j ,,. 

Definition 2.4 ([1], [15]). The complex {zs{X\D, •), d) is the nondegenerate com¬ 
plex associated to {n i—)■ Zg{X\D, n)), i.e., Zs{X\D, n) := Zg{X\D, n)/Zg{X\D, n)degn- 
The homology CHs(X|D,n) := H„( 2 ;s(X|Zl, •)) for n > 0 is called higher Chow 
group of X with modulus D. If X is equidimensional of dimension d, for g > 0, we 
write ^(XID,^) = CRa-giX\D,n). 

Here is a special case from [2T] : 

Definition 2.5. Let X G Sch^®®. For r > 1, let X[r] := X x A'’. When 
(fi,-- - ,tr) G A'" are the coordinates, and mi,-- - ,mr > 1 are integers, let Dm 
be the divisor on X[r] given by the equation {tf'^---tf'^ = 0}. The groups 
CB.^{X[r]\Dm,n) are called multivariate additive higher Chow groups of X. For 
simplicity, we often say “a cycle with modulus m” for “a cycle with modulus Dm-” 
For an r-tuple of integers m = (mi, • • • ,mr), we write |m| = W^e shall 

say that m > p if m* > p for each i. 

When r = 1, we obtain additive higher Chow groups, and as in [T^], we often 
use the older notations Tz'^(X, n -|- 1; m — 1) for z'^{X[l]\Dm, n) and TCH'^(X, n + 
l;m — 1) for CH'^(X[1]n). In such cases, note that the modulus m is shifted 
by 1 from the above sense. 

Definition 2.6. Let W be a hnite set of locally closed subsets of X and let 
e : W —Z>o be a set function. Let z^g(X|D,n) be the subgroup generated 
by integral cycles Z G D{X\D,n) such that for each hF G W and each face 
E G □”, we have codiniwxF{,Z fl {W x E)) > q — e{W). They form a subcomplex 
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of ^{X\D^*). Modeling out by degenerate cycles, we obtain the 
subcomplex C z^{X\D,*). We write zl^{X\D,*) := q(X|Z1), •). 

For additive higher Chow cycles, we write n\ m) for — 

1), where >V[1] = {W[l] | W G W}. 

Here are some basic lemmas used in the paper: 

Lemma 2.7 ( [21] Lemma 2.2]). Let f : Y ^ X be a dominant map of normal 
integral k-schemes. Let D be a Cartier divisor on X such that the generic points 
o/Supp(Zl) are contained in f{Y). Suppose that f*{D) > 0 on F. Then D > Q 
on X. 

Lemma 2.8 i pil Lemma 2.9]). Let f : Y —)• X be a proper morphism of guasi- 
projective k-varieties. Let D <Z X be an effective Cartier divisor such that /(F) 

D. Let Z e z‘^{Y\f*{D),n) be an irreducible cycle. Let W = f{Z) on X x 
Then W G z^{X\D,n), where s = codimxxn"(fF)- 

Lemma 2.9. Let X be a k-scheme, and let be an open cover of X. Let 

Z G^'^(Xxn"') and let Zu. be the flat pull-back to UiXCY. Then Z E z‘^{X\D,n) if 
and only if for each i E I, we have Zu^ G z’^{Ui\Du^,n), where Du^ is the restriction 
of D on Ui. 

Proof. The direction (^) is obvious since flat pull-backs respect admissibility of 
cycles with modulus by m Proposition 2.12]. For the direction (<^=), we may 
assume Z is irreducible. In this case, it is easily checked that the face and the 
modulus conditions are both local on the base X. □ 

2.2. de Rham-Witt complexes. 

2.2.1. Ring of big Witt-vectors. Let R be a commutative ring with unit. We recall 
the dehnition of the ring of big Witt-vectors of R (see [TTl §4] or [2H1 Appendix 
A]). A truncation set S G N is a. non-empty subset such that if s G S' and t\s, 
then t E S. As a set, let Wsi^R) ■= R^ and dehne the map w : Wsi^R) R^ by 
sending a = {as)s(^s to w{a) = {w{a)s)s(£S^ where w{a)s := When R^ on 

the target of w is given the component-wise ring structure, it is known that there is 
a unique functorial ring structure on Ws{R) such that w is a ring homomorphism 
(see [ni Proposition 1.2]). When S' = {1, • • • ,m}, we write Wm(R) := WsiR). 

There is another description. Let W{R) := Wn(R). Consider the multiplicative 
group (1 -|-tR[[t]])^, where t is an indeterminate. Then there is a natural bijection 
W(R) ~ (1 -|- tR[[t]])^, where the addition in W(i?) corresponds to the multipli¬ 
cation of formal power series. For a truncation set S', we can describe Ws{R) as 
the quotient of (1 -|- fi?[[f]])^ by a suitable subgroup Is- See [28l A.7] for details. 
In case S' = {1, • • • , m}, we can write Wm{R) = (1 + ^-R[/]])^/(l + t™'“''^R[[t]])^ as 
an additive group. 

For a E R, the Teichmiiller lift [a] G Ws(i?) corresponds to the image of 1 — 
at E (1 -|- fi?[[f]])^. This yields a multiplicative map [—] : R —)■ Ws{R). The 
additive identity element ofWm{R) corresponds to the unit polynomial 1 and the 
multiplicative identity element corresponds to the polynomial 1 — t. 
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2.2.2. de Rham-Witt complex. Let p be an odd prime and i? be a Z(p)-algebrani 
For each trnncation set S, there is a differential graded algebra called the 

big de Rham-Witt complex over R. This defines a contravariant fnnctor on the 
category of trnncation sets. This is an initial object in the category of R-complexes 
and in the category of Witt-complexes over R. For details, see [8] and [28l §1]. 
When S' is a finite trnncation set, we have = ^Ws(R)/z/-^*) where N* is the 

differential graded ideal given by some generators (|2Sl Proposition 1.2]). In case 
S' = {1, 2, • • • , m}, we write for this object. 

Here is another relevant object for this paper from |H1 Definition 1.1.1]; a re¬ 
stricted Witt-complex over i? is a pro-system of differential graded Z-algebras 
^ ■ Em +1 “t Em), with homomorphisms of graded rings : Erm+r-i 
Fm)m,rGN Called the Frohenius maps, and homomorphisms of graded gronps (R : 
Em —t Erm+r-i)m,r& Called the Verschiebung maps, satisfying the following rela¬ 
tions for all n,r, s E N: 

(i) ^Er = R9T, WVr = Wm, Fi = R = Id, RR = F„, RR = R.; 

(ii) RR = r. When (r, s) = 1, RR = RR on R^+r-i; 

(hi) Vr{Er{x)y) = xR(i/) for all x G R^+r-i and y G Em] (projection formnla) 

(iv) RdR = d, where d is the differential of the DGAs. 

Furthermore, we require that there is a homomorphism of pro-rings (A : Wm{R) 
Em)m€N that commutes with R and R, satisfying 

(v) ErdX{[a]) = A([a]^“^)(iA([a]) for all a G i? and r G M. 

The pro-system {WmD^}m>i is the initial object in the category of restricted 
Witt-complexes over R (See [251 Proposition 1.15]). 

3. Normalization theorem 

Let k be any field. The aim of this section is to prove Theorem 13.21 Such results 
were known when D = 0, or when X is replaced by W x with D = = 0} 

for t E h}. We generalize it to higher Chow groups with modulus. 

Definition 3.1. Let {X, D) be a scheme with an effective divisor. Let z'j.f{X\D, n) 
be the subgroup of cycles a E z'^{X\D,n) such that d^{a) = 0 for all 1 < i < n 
and d'f‘{a) = 0 for 2 < i < n. One checks that o = 0. Writing as , 
we obtain a subcomplex l : {z%{X\D., •), d^) ^ {z^{X\D., •),d). 

Theorem 3.2. Let X E and let D d X be an effective Cartier divisor. 

Then l : z‘f{X\D,*) —)■ R(W|iA,«) is a quasi-isomorphism. In particular, every 
cycle class in CW{X\D,n) can be represented by a cycle a such that R(a) = 0 for 
all 1 < i < n and e = 0,oo. 

Let Cube be the standard category of cubes (see [211 §1]) so that a cubical 
abelian group is a functor Cube°'’ —)■ (Ab). Recall also from loc.cit. that an 
extended cubical abelian is a functor ECube°'’ —)■ (Ab), where ECube is the 
smallest symmetric monoidal subcategory of Sets containing Cube and the mor¬ 
phism /i : 2 —)• 1. The essential point of the proof of Theorem 13.21 is 


^A definition of Witt-complex over a more general ring R can be found in El Definition 4.1]. 
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Theorem 3.3. Let X G and D G X be an effective Cartier divisor. Then 

(n HA z'^(X|D;n)) is an extended cubical abelian group. 

If Theorem 13.31 holds, then |2T1 Lemma 1.6] implies Theorem 13.21 We suppose 
{X, D) is as in Theorem 13.21 in what follows. The idea is similar to that of [iQl 
Appendix]. 

Let gi : □ be the morphism (i/i,i/ 2 ) ^ Vi + 1/2 — yiy 2 if yi,y 2 7^ oo, and 

{yi,y 2 ) HA oo if i/i or 1/2 = oo. Under the identification ~ given by i/ ha 

1/(1 — y) (which sends {cxo, 0} to {0,1}), this map qi is equivalent to —)■ 

given by {yi,y 2 ) yiy 2 - For our convenience, we use this := (A^,{0,1}) 
and cycles on X x The boundary operator is cl = 

we replace PC by = {yi = cx)}. We write Fff = A/®. We write 

= (P^,{0,1}). The group of admissible cycles is z^{X\D,n). Consider qn,.^ : 
X X X xD'^ given by {x,yi, ■ ■ ■ ,yn+i) H- {x,yi, ■ ■ ■ , i/n-i, l/nl/n+i)- 

Proposition 3.4. For Z e zfi^{X\D,n), we have qf^.^{Z) & z'f^{X\D,n + l). 

The delicacy of its proof lies in that the product map gi,,/, : A^ ^ A^ does 
not extend to a morphism (P^)^ —)• P^ of varieties so that checking the modulus 
condition becomes nontrivial. We use a correspondence instead. For n > 1, let 
in '■ fUn X X X be the closed subscheme defined by the equation 

Uoyndn+i = Ui, where (i/i,--- ,yn+i) e and (uoWi) e dJ, are the coordi- 

nates. Let y := Wi/wq. Its Zariski closure Wn ^ X x x is given by the 
equation ^i^n,o^n+i, 0 ; where * * * : (^ 71 + 1 , 0 : ^n+i,i) the 

homogeneous coordinates of with yi = 

Consider 6^ ■ X x x -)■ X x given by (a;,i/i, • • • ,i/n+i, (moWi)) H- 
(x, I/I, • • • , yn-i, yndn+i), and let vr^ := 9n\wr.- To extend this 7r„ to a morphism 
on 1U„, we use the projection On'. X x x —)■ X x x that drops 

the coordinates (Mn,oWn,i) and (Mn+i,oWn+i,i), and the projection : X x x 
^ X X that drops the last coordinate (woWi)- 

Lemma 3.5. (1) lWin{Mo = 0} = 0, so that IW C Xx x D^. (2) 9n\w„ = T^n- 
Thus, we define Wn ■= 9n\w^, which extends Tin. (3) The varieties Wn and Wn are 
smooth. (4) Both Tin and Wn are surjective flat morphisms of relative dimension 1. 

Proof. Its proof is almost identical to that of m Lemma A.5]. Part (1) follows 
from the defining equation of Wn, and (2) holds by dehnition. Let pn '■= Pn\wn • 
Wn — )■ X X Since X is smooth, using Jacobian criterion we check that 

Wn is smooth. Furthermore, pn is an isomorphism with the obvious inverse. Un¬ 
der this identification, the morphism Tin can also be regarded as the projection 
(x, i/i, • • • , Pn, y) i-A (x, i/i, • • • , Pn-i, y) that drops i/„. In particular. Tin is a smooth 
and surjective of relative dimension 1. To check that Wn is smooth, one can do 
it locally on each open set where each of Un,i, Un+i,i, Ui is nonzero for i = 0,1. In 
each such open set, the equation for 1U„ takes the same form as for Wn, so that 
it is smooth again by Jacobian criterion. Similarly as for Tin, one sees Wn is of 
relative dimension 1. Since 9n is projective and Tin is surjective, the morphism 
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iTn is projective and surjective. So, since Wn is smooth, the map vr^ is flat by [TJ 
Exercise III-10.9, p.276]. Thus, we have (3) and (4). □ 

Lemma 3.6. Let n > 1 and let Z (Z X x DJJ; be a closed subscheme with modulus 
D. Then Z' := (i„)*(7r*(Z)) also has modulus D. 

Proof. Let Z and z' be the Zariski closures of Z and Z'm. X x and X x 

respectively. By Lemma 1331 and the projectivity of 9^, we see that 9n{Z') = Z. 
Consider the commutative diagram 


(3.1) 


Uz/ 




where / is induced by the surjection : Z ^ Z, the maps g and i/z are 

normalizations of Z and Z composed with the closed immersions, and uz' '■= in°g- 
By the definition of we have x dJ) = x = F^ 2 ,n+ 2 , 

while for 1 < i < n — 1. By the defining equation of Wn, 

we have = **F“ 2 ,n +2 = *n{«o = 0} < o = 0} + {un+po = 0}) = 

*n(-^n+2,n + -^??+2,n+l)- 

Thus, Ff° = ^*Z'Fn+ 2 ,i+9*KF^n < Y.lZl ^Z'FZ+2,i+9%{Fn+2,nF 

Fn+2,n+i) = YZi=l '^*z'Fn+2,i < T^*z'Fn+2,i- (In case n = 1, we just ignore the 

terms with YZiZl in the above.) 

That Z has modulus D means x D^) < YZi=i^*zFZ‘i- Applying f* and 

using 1^, we have x = iz*z^*n{D x^) < i^*zKTZ=i Fffi, which is 

bounded by i^hF^+ 2 ,i as we saw above. This means Z' has modulus D. □ 


Definition 3.7. For any closed subscheme Z Z X x Ufp, we define Wn{Z) := 
'Pn*in*T^n{^) 1 which is closed in X X 

Lemma 3.8. Let n > 1. If a closed subscheme Z Z X x \Uf intersects all faces 
properly, then lyri(-Z') intersects all faces of X x properly. 

Proof. Our Wn is equal to , where Wff is that of |23l Lemma 4.1], 

and r, r^, Tn+i are the involutions (x i—)■ 1 — x) for y, yn, Vn+i, respectively. So, the 
lemma is a special case of loc.cit. □ 


Proof of Proposition \3.4\ Consider the commutative diagram 
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By Lemma 1331 pn is an isomorphism so that Pn*inPn — Hence, = 

Pn*i*nPnq*n^p{Z) =i p„*z„*7r*(Z) = Wn{Z), wlieie t, t are due to com¬ 

mutativity. So, we have reduced to showing that Wn{Z) G z'^{X\D,n + 1). But, 
by Lemmas [3T6] and 13781 we have e x F^\D x P\n-1-1). Now, for 

the projection by Lemma 12751 we have Wn{Z) = pn*in*'^niZ) £ z^{X\D,n + l). 
This proves Proposition 13.41 □ 

Proof of Theorem \3.3[ Since we know that (n i—)■ z‘^{X\D;n)) is a cubical abelian 
group, every morphism h : r —)■ s in Cube induces a morphism h : —)■ 

which gives a homomorphism h* : z'^{X\D, s) —)■ z'^{X\D,r). Furthermore, the 
morphism /i : 2 —)■ 1 induces the morphism gi : —)■ of varieties, and for 

each Z G z’^i^XlD, 1), we have ql{Z) G z‘^{X\D, 2). Indeed, under the isomorphism 
-0 : □ ~ A^,i/ I— )■ 1/(1 — y), this is equivalent to show that sends admissible 
cycles to admissible cycles, which we know by Proposition 13.41 

So, it only remains to show the following “stability under products”: if hj : r* —)• 
Si, i = 1,2, are morphisms in ECube such that the corresponding morphisms 
hi : —)■ induce homomorphisms h* : z‘^{X\D,Si) —)■ z^{X\D,ri), for z = 1,2 

and all g > 0, then h := hi x h 2 ■ —)■ induces a homomorphism 

h* : z^{X\D, s) —)■ z'^{X\D, r) for all g > 0, where r = ri -|- r 2 and s = Si -|- S 2 . 

Since h = hi x h 2 = (Id^ x h 2 ) o (hi x Id^j), we reduce to prove it when h is 
either Id^j x ^2 or hi x Id^j. But the statement obviously holds for these cases. □ 

4. On moving lemmas 

Let k be any field. In this section, we discuss some of moving lemmas on 
algebraic cycles with modulus conditions. By a ‘moving lemma’, we ask whether 
the inclusion Zyj{Y\D,*) C z^{Y\D,*) in Definition 12.61 is a quasi-isomorphism. 
It is known when Y is smooth quasi-projective and D = 0 (by [1]), and when 
Y = X X A^, with X smooth projective, D = X x = 0}, and W consists of 

IF X A^ for finitely many locally closed subsets IF C X (by [E]). Recently, W. 
Kai [11] proved it when Y is smooth affine with a suitable condition. Kai’s cases 
include the above case of F = X x A^, where X is this time smooth affine. His 
proof applies to more general cases, possibly after Nisnevich sheafifications. 

In 1 14.11 we sketch the argument of Kai in the case of multivariate additive higher 
Chow groups of smooth affine fc-variety. In 1 14.21 we generalize the moving lemma 
of [1^ in the case of pairs (X x S,X x D) where X is smooth projective. In 1 14.31 
and 14.41 we discuss the standard pull-back property and its consequences. In 1 14.51 
we discuss a moving lemma for additive higher Chow groups of smooth semi-local 
fc-schemes essentially of finite type. 

4.1. Kai’s afRne method for multivariate additive higher Chow groups. 

The moving lemma of W. Kai [T3| is the first moving result that applies to cycle 
groups with a non-zero modulus over a smooth affine scheme. We sketch the proof 
of the following special case on multivariate additive higher Chow groups that we 
need, which is a bit simpler than the general case considered by him. Following 
Dehnition 12.51 we write X[r] := X x A”. 
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Theorem 4.1 (W. Kai). Let X be a smooth affine variety over any field k. Let 
W he a finite set of locally closed subsets of X. Let >V[r] := {lT[r] | W G W}. Let 
m = (mi, • • • ^rur) > 1. Then the inclusion •) ^ z'^{X[r]\Dm, •) is 

a quasi-isomorphism. 

First recall some preparatory results: 

Lemma 4.2 f |17l Lemma 4.5]). Let f : X ^ Y be a dominant morphism of 
normal varieties. Suppose that Y is integral with the generic point rj ^Y, and let 
Xfj be the fiber over rj, with the inclusion : X^ ^ X. 

Let D be a Weil divisor on X such that j*{D) > 0. Then there exists a non¬ 
empty open subset U G Y such that jf{D) > 0, where ju : f~^{U) ^ X is the 
inclusion. 

The following generalizes m Proposition 4.7]: 

Proposition 4.3 (Spreading lemma). Let k G K be a purely transcendental exten¬ 
sion. Let {X, D) he a smooth quasi-projective k-scheme with an effective Cartier 
divisor, and let W be a finite collection of locally closed subsets of X. Let {Xk, Dk) 
and Wk be the base changes via Spec {K) —)■ Spec {k). Let pK/k ■ Xk —>■ Xk be the 
base change map. Then the pull-back map 

, z^{X\D,.) z^{Xk\Dk,*) 

zf,{X\D,.) zf,^{XK\DK,.) 

is injective on homology. 

Proof. It is similar to[I7l Proposition 4.7]. We sketch its proof for the reader’s 
convenience. If k is hnite, then we can use the standard pro-£-extension argument 
to reduce the proof to the case when k is inhnite, which we assume from now. 
We may also assume that tr.deg^iP < oo and furthermore that tr.deg;.iF = 1, by 
induction. So, we have K = fc(A^). 

Suppose Z G z'^{X\D,n) is a cycle that satishes dZ G zf^{X\D,n — 1), and 
Zr = d{BK) + Vr for some Br G z^{XR\DR,n + 1) and Vr G zl^^{XR\DR,n). 
Consider the inclusion z'^{Xr\Dr,») ^ z^{Xr,*). Then there is a non-empty 
open Lf G Al such that Br = Bu'jjj, Vr = Vh'l^, Z x U' = d{Bu') + Vu> for some 
Bui G z‘^{X X U',n + 1), Vw G z^^jjfX x U',n), where rj is the generic point of 
U'. Let : X X r] ^ X X U' he the inclusion, which is flat. 

Since Br, Vr satisfy the modulus condition, we have j*{X xU' x — D x 

U' X n"'*'^) > 0 on B^ and similarly for V^. Furthermore, B^, —)■ Lf, Vui —)■ U' 
are dominant. Thus by Lemma 14.21 there is a non-empty open U G U' such 
that jfiX X IT X — D X IT X > 0 on B^ and similarly for Vu, for 

ju '■ X X U ^ X X Lf. This proves that Bu and Vu have modulus D x U. 
Hence, Bu G z'^{X x U\D x U,n + 1) and Vu G Zy^^jj{X x U\D x U,n) with 
ZxU = d{Bu) + Vu. 

Since k is inhnite, the set U{k) ^ U is dense. We claim the following: 

Claim: There is a point u E U{k) such that the pull-backs of Bu and Vu under 
the inclusion i^ ■ X x {«} ^ X xU are both defined in z^{X,n + l) and 4(X,n), 
respectively. 

Its proof requires the following elementary fact: 
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Lemma: Let Y be any k-scheme. Let B E z‘^{YxU) be a cycle. Then there exists a 
nonempty open subset U" C U such that for each u G U"{k), the closed subscheme 
Y X {m} intersects B properly on Y x U, thus it defines a cycle i^i^B) G z^{Y), 
where Y is identified with Y x {«}. 

Note that for each u G U{k), the subscheme Y x {«} (Z Y x U is a.n effective 
divisor so that its proper intersection with B is equivalent to that Y x {«} does 
not contain any irreducible component of B. If there exists a point Ui G U{k) 
such that Y x contains an irreducible component Bi of B, then for any other 
u E U{k)\ {uj}, we have (Y x {«}) n -B* = 0. So, for every irreducible component 
Bi of B, there exists at most one u, G U{k) such that Y x {ui\ contains B^. Let S 
be the union of such points Ui, if they exist. Because there are only hnitely many 
irreducible components of S, we have IBI < oo. So, taking U" := U \ S, we have 
proven Lemma. 

We now prove Claim. Let F C be any face, including the case F = 

Since Bu E z‘^{X x U,n + 1), by dehnition X x U x F and Bu intersect properly 
on X X Lf X so their intersection gives a cycle Bjj^p E z^{X x U x F). 

By Lemma with Y = X x F, there exists a nonempty open subset Up F U 
such that Bjjp dehnes a cycle in z’^i^X x {«} x F) for every u G Up{k). Let 
Ml 1= Of Up, where the intersection is taken over all faces F of This is a 

nonempty open subset of U. Similarly, let F C be any face, including the case 
F = □"■. Here, Vp E Zy,^^jj{X xU,n), and repeating the above argument involving 
Lemma with Y = W x F ioi W E W, we get a nonempty open subset Uw,f C U 
such that we have an induced cycle in z^^iW x {«} x F) for every u E Uw,F{k). 
Let L (2 := f]wF^w,F, where the intersection is taken over all pairs (W,F), with 
IT G W and a face F C Taking U := LLi r\U 2 , which is a nonempty open 
subset of U, we now obtain Claim for every u ElA{k). 

Finally, for such a point u as in Claim, by the containment lemma (Proposition 
12.2p . i*^{Bu) and i*(Vc/) have modulus D. Hence, i*^{Bu) E z^{X\D,n + 1) and 
i*(Vc/) G z'fij{X\D,n). This hnishes the proof. □ 


We hrst show it when X = Af. Let 


Sketch of the proof of Theorem \4.1\ Step 1 
K = k{Af,) and let ?7 G X be the generic point. For simplicity, using the auto¬ 
morphism y hE- 1/{1 — y) of P^, we replace (□, {oo, 0}) by (A\ {0,1}), and write 


□ = Ah For any g E A‘^ and an integer s > 0, dehne ^A;(c/) 




-)■ 


by (fg,s{x,t,y) := {x + y{tfi^---tf^''yg,t), where k{g) is the residue held 
of g. (N.B. In terms of W. Kai’s homotopy, our g E A'^ corresponds to his 
V = (5f,0, ••• ,0) G A‘^[r] = A'^+'’.) For any cycle V E z'^{X[r]\Dm,n), dehne 
H*g,siV) ■= (09.S X Wn-)X(5)/fc(^)> PU9)/k ■ X ^ A^[r] x is 


the base change map. 

Using [31 Lemma 1.2], one checks that H* fiV) preserves the face condition for 
V. Moreover, if U G zl^{X[r],n), then so does When g = g, another 

application of [31 Lemma 1.2] shows that H* fiV) intersects with all W[r] x F 
properly, where IT G W and a F C is a face. The argument for proving these 
face conditions follows the same steps as that of the proof of m Lemma 5.5, 
Case 2] though the present case is slightly diherent so that we need to use [31 
Lemma 1.2] instead of [31 Lemma 1.1] (see [HI Lemma 3.5] for more detail). 
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On the other hand, by [El Proposition 3.3], for each irreducible V G z'^{X[r]\Dm,n), 
there is an integer s(ld) > 0 such that for any s > s(ld) and for any g G A^, the 
cycle has modulus D^. Let’s call the smallest such integer s(ld), the 

threshold of V for simplicity. (N.B. The existence of this number is one of the 
important points of W. Kai’s contributions. While the reader can find its proof 
in loc.cit., the rough idea is that instead of translations by g used in usual higher 
Chow groups, which correspond to s = 0, W. Kai uses “adjusted” translations 
as in the above definition of (fg^s, so that near the divisors {ti = 0}, the effect of 
“adjusted” translation is also small, while away from the divisors {ti = 0}, the 
effect of “adjusted” translation gets larger.) 

So, as in |El §3.4], if we consider the subgroup 
for s > 0, consisting of cycles all of whose irreducible components V have threshold 
s(C) < s, then 

^W[r] [^] I ^ ^W[r] [^] I ^rn, n) ' 

Then one has the map 

_ [r] | T>^, U + 1) 

^ [r] | U + 1) ’ 

which gives a homotopy between the base change and However, 

H*slyi=i is zero on the quotient, while is injective on homology by Proposition 
14.31 after taking s cx), so that the map is in fact zero on homology. This 
means, the quotient z^^^^^^{X[r]\D^,n)/zf^^^^{X[r]\D^,n) is acyclic, proving the 
moving lemma for X = A^. 

Step 2. If X is a general smooth affine /c-variety of dimension d, we use the 
standard generic linear projection trick. We choose a closed immersion X ^ 
for some X ^ d and run the steps of §6 of [E] (with P” replaced by A^ everywhere) 
mutatis mutandis to conclude the proof of the moving lemma for X from that of 
affine spaces. We leave the details for the reader. □ 

4.2. Projective method for multivariate additive higher Chow groups. 

The following theorem generalizes the moving lemma for additive higher Chow 
groups of smooth projective schemes m Theorem 4.1] to a general setting which 
includes the multivariate additive higher Chow groups. 

Theorem 4.4. Let {S, D) he a smooth quasi-projective k-variety with an effective 
Cartier divisor. Let X be a smooth projective k-variety. Let Yd he a finite collection 
of locally closed subsets of X. We let Yd x S := {W x S\W G Yd}. Then the 
inclusion zf^.^g{X x S\X x D,») ^ z'^{X x SjX x D,») is a quasi-isomorphism. 

In particular, when m = (mi,-- - ,mfi) > 1, and {S,D) = {A'^,D^, the moving 
lemma holds for multivariate additive higher Chow groups of smooth projective 
varieties over k. 

Proof. Most arguments of m Theorem 4.1] work with minor changes, so we sketch 
the proof. 
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Step 1. We first prove the theorem when X = P^. The algebraic group S'L^+i ^ 
acts on P*^. Let K = k^SLd+i^k)- Then there is a iL-morphism 0 : —)■ SLd+i,K 

such that 0(0) = Id, and 0 (cxd) = r], where 7] is the generic point of SLd+i^k- See 
m Lemma 5.4], For such 0, consider the composition Hn of morphisms 

P*^ X ^ X 0”+^ Sx 0”+^ '^■iF^x SxDl P'^ x ^ x 

where s,yi,--- , yn+i) = (0(l/i)^, s,yi,--- , yn+i), w'k is the projection drop¬ 
ping yi, and PK/k is the base change. We claim that H* carries ^VVxs(P‘' X 
S'|P“' X D,n) to X S\Fj^ x D,n+ 1), i.e., for an irreducible cycle Z e 

X FIP*^ X S, n), we show that Z' := H*{Z) G z^^g{Fj^ x S'|P|x x D,n + 1). 

To do so, we hrst claim that Z' intersects with W x S x Fk properly for each 
VF G W and each face F C 

(1) In case F = {0} x F' for some face F' C □"■, because 0(0) = Id, we have 
Z' n (IT X ^ X Fi^) ~ n (W X ^ X F'k). Note that dim(IT x S x Fk) = 
dim(IF X S X F^). Hence, codimy 4 /x 5 xFK(-Z^^ H (IF x S x Fk)) = dim(IF x S x 
Fk) - dim{Z' n (IF x ^ x Fk)) = dim(IF x S x F'^) - dim{ZK n (IF x ^ x F'j^)) = 
dim{WxSxF')-dim{Zn{WxSxF')) = codimwxSxF'{Z n{W x S x F')) > q, 
because Z G Zy^^g{F'^ x S'|P'^ x D,n). 

( 2 ) In case F = {oo} x F' for some face F' C dim(IF x S x Fk) = 
dim(IF xSxF^) and Z' n (IF x F x F^^) ~ 77 ■ (Zk) n (IF x F x F)^), where SLd+i,k 
acts on P'^ X S' X F', naturally on P'^ and trivially on S' x F'. Let A := IF x S' xF' and 
F := Zn (P^ X ^ X F'). Thus, codimwxSxFj^(Z'n (IF x F x Fk)) = dim(IF x F x 
F;^)-dim(Z'n(IFxFxF;^)) = dim(IFx FxFj^)-dim(77-(Z;^)n(IFx FxF]^)) =t 
dim(Hii') — dim(r7 ■ Bk H Ak) = codimA^(r7 • Bk H Ak), where f holds because 
Z n H = F n H. By applying [31 Lemma 1 . 1 ] to G = SL^+i^k) and the above H, F 
on df := P*^ X F X F', there is a non-empty open subset U <Z G such that for all 
g & U, the intersection (^f • H) flF is proper on A. By shrinking U, we may assume 
U is invariant under inverse map, so g = G U. Thus, codimAi^ {{p-B k) A Ak) > 
codim;t'j^(r 7 ■ Bk)- Since codim;t-^(77 • Bk) = codim;t-^F;^ and codimxj^BK = q, we 
get codimpv'xSxFK(^'n(IFxFxF;^)) = codimAj,{{p-BK)nAK) > codimAj^BK = q. 

(3) In case F = □ x F' for some face F' C □"■, the projection Z' fl (IF x F x □ x 
F^) G\k is flat, being a dominant map to a curve, so dim(Z' n (IF x F x □ x 
F'j^)) = dim(Z' n (IF X F X {cx)} x F]^)) + 1. We also have dim(IF x F x □ x F^^) = 
dim(IF X Fx {cxo} x F^) + l. Hence, we deduce coAimwxSxFKi^' AiW xSx Fk)) = 
dim(IF X F X □ X Fk) — dim(Z' fl (IF x F x □ x F^)) = codimvyxSxjcxjjxFj^(-2^^ H 
(IF X F X { 00 } X F^)) >i q, where f follows from case (2). This shows Z' intersects 
all faces properly. 

Now we show that Z' has modulus P'^ x F. We drop all exchange of the factors, 
for simplicity. For p : P*^ —)• Spec {k), we take V = p{Z) on F x □"■. Because Z C 
p“^(p(Z)) = P^'xF, we have Z' = p*^(D\-xZ) C p*J)F^xD]^xV) = P'^xD^xF : = 
Zi. By Lemma [231 V is admissible on F x □"■. So, p*[V] = P"^ x F is admissible on 
P'^ X F X In particular, P^* x F has modulus P^* x F. Hence, Zi = P®* x x F 
also has modulus P^ x F. Now, Z' C Zi shows that Z' has modulus P^ x F by 
Proposition 12.21 Thus, we proved Z' G z'^^g(Fj^ x F|P^ x F,?t, + 1). 

Going back to the proof, one checks that H* : z'^{F‘^ x FIP®* x F, •) —)■ z‘^(F'^ x 
FIP^* X F, • + 1) is a chain homotopy satisfying dH*{Z) +H*d{Z) = Zk-P- (Zk), 
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and the same holds for z\\>xs by a straightforward computation (see m Lemma 
5.6]). Furthermore, for each admissible Z, we have Tj ■ Zx G ^ ^ 

D,n), by the above proof of proper intersection of Z' with hF x S' x Fk, where 
F = jcx)} X F' for a face F' C Hence, the base change x S\Ff x 

D, >= SK X D,.) ^ z-iVi X SlPt, X D, .)/xVxs« >= S|IPi x D ,.) 

is homotopic to rj ■ Px/^, which is zero on the quotient. That is, p*x/k fbe 
above quotient complex is zero on homology. However, by the spreading argument 
(Proposition 113]), P*x/k injective on homology. (N.B. We used here an elementary 
fact that k{SLd+i^k) is purely transcendental over k. To check this fact, hrst note 
that by dehnition k[SLd+i^k] — k[{Tij\l < i,j < d + l}]/(det(M) — 1) for the 
{d+1, (i+ l)-matrix M = [T^j consisting of indeterminates Tij for 1 < i, j < d+1. 
Here by Cramer’s rule we can write det(M) — 1 = aT^+i^d+i — /9 — 1, where 
a = det{Md+i 4 +i), (3 = bet(Mrf+ij) and is the (i,j)-minor 

of M. Here both a and (3 do not have Td+i^d+i- Hence k[SLd+i^k] — < 

i,j < d + l,{ij) 7 ^ (d + l,d + 1)}, ^]. Thus, k{SLd+i^k) ^ ^({^pjl < hj < 
d+1, {i,j) 7 ^ (d + 1, d + 1)}), which is purely transcendental over k.) Hence, the 
quotient complex x'^(P'^ x S|P‘’* x D, •)/^wxs(^‘^ ^ ^ F, •) is acyclic, i.e., the 

moving lemma holds for (P'^ x F, P'’* x F), hnishing Step 1. 

Step 2. Now let X be a general smooth projective variety of dimension d. In 
this case, we choose a closed immersion X ^ P^ for some X 3> d. We now run 
the linear projection argument of [13 §6] again without any extra argument to 
deduce the proof of the moving lemma for X from that of the projective spaces. 
We leave out the details. □ 

4.3. Contravariant functoriality. The following contravariant functoriality of 
multivariate additive higher Chow groups is an immediate application of the mov¬ 
ing lemma and the proof is identical to that of m Theorem 7.1]. 

Theorem 4.5. Let f : X ^ Y be a morphism of k-varieties, with Y smooth affine 
or smooth projective. Let r > 1 and m = (mi, • • • ,mr) > 1. Then there exists a 
pull-back f* : CYY{Y[r]\D^,n) CH‘'(X[r]|F^,n). 

If g : Y ^ Z is another morphism with Z smooth affine or smooth projective, 
then we have {g o /)* = f* o g*. 

Remark 4.6. As a special case, when r = 1, we have the pull-back map f* : 
TCH‘?(y, n;m) ^ TCH'?(X, n; m). 

4.4. The presheaf TCTi. For the rest of the section, we concentrate on addi¬ 
tive higher Chow groups. Let m > 0. By Theorem 14.51 we see that : = 
TCH'^(—, n; m) is a presheaf of abelian groups on the category SmAff^, but we do 
not know if it is a presheaf on the categories Sm^ or Sch^. However, we can exploit 
Theorem 14.51 further to define a new presheaf on Sm/j and Sch^. The idea of this 
detour occurred to the authors while working on [20] . We do it for somewhat more 
general circumstances. 

Let C be a category and F be a full subcategory. Let F be a presheaf of 
abelian groups on F, i.e. F : F°p —)■ (Ab) is a functor to the category of abelian 
groups. For each object X G C, let (X f F) be the category whose objects are 
the morphisms X ^ A in C, with A G F, and a morphism from hi : X —)• A to 
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h 2 ■ X ^ B, with A,B G P, is given by a morphism g : A ^ B in C such that 
g o hi = h 2 . The functor F : D°p —)■ (Ab) induces the functor (X I 'D)°p — (Ab) 

given by (X A A) i-A F{A), also denoted by F. 

Definition 4.7. Suppose that for each X G C, the category (X I V) is cofiltered. 
Then define X(X) := colim F. 

{XiV)°'P 

In particular, when C = Sch^ and P = SmAff^, one checks that (X SmAff^) 
is cohltered, and for X G Sch^., we dehne := colim T^rn- 

(A4.SmAffs.)°P ’ 

Proposition 4.8. Let C be a category and F be a full subcategory such that for 
each X G C, the category (X V) is cofiltered. Let F be a presheaf of abelian 
groups on F and let F be as in Definition \4.1\ 

Let f : X ^ Y be a morphism inC. Then for X G C, the association X i—)■ F{X) 
satisfies the following properties: 

(1) There is a canonical homomorphism ax '■ XifX) F{X). 

(2) If X eF, then ax is an isomorphism, and a : F ^ F defines an isomor¬ 
phism of presheaves on F. 

(3) There is a canonical pull-back f* : F{Y) —)■ F{X). If g : Y -E Z is another 

morphism in C, then we have {g o f)* = f*°g*- So, F is a presheaf of 
abelian groups on C. In particular, n; m) is a presheaf of abelian 

groups on Sch^, which is isomorphic to TCH'^(—,n;m) on SmAff^. 

Proof. (1) Let (X A A) G (X F)°'^. By the given assumption, we have the pull¬ 
back h* : F{A) —)■ F{X). Regarding F{X) as a constant functor on (X f 'D)°p, 
this gives a morphism of functors F —)■ F{X). Taking the colimits over all h, we 
obtain F{X) —)■ F{X), where ax = colim/^ h*. 

(2) When X eF, the category (X f F)°^ has the terminal object Idx : X —)■ X. 
Hence, the colimit F{X) is just F{X). 

(3) A morphism / : X —)■ X in C defines a functor /•* : (X j, 'D)°p —)■ (X j, F)°^ 

given by (X A A) i—)■ (X A X A A). Thus, taking the colimits of the functors 
induced by F, we obtain f* : F(Y) —)■ F(X). For another morphism g : Y ^ Z, 
that {g o /)* = f* o g* can be checked easily using the universal property of the 
colimits. 

In the special case when C = Sch^, and F = SmAff^ with F = TCH'^(—, n; m), 
by Theorem 14.51 we know that F is a presheaf on SmAff^. So, the above general 
discussion holds. □ 

Remark 4.9. Since additive higher Chow groups have pull-backs for flat maps (see 
[T6l Lemma 4.7]), it follows that for X G Sm?;, a!(_) dehnes a map of presheaves 
TCPFly—, n; m) TCH'^(—, n; m) on the small Zariski site Xzar of X. Proposition 
I4.8f 2l says that this map is an isomorphism for affine open subsets of X. Thus, this 
map of presheaves on Xzar induces an isomorphism of their Zariski sheahhcations. 

4.5. Moving lemma for smooth semi-local schemes. One remaining objec¬ 
tive in Section 0] is to prove the following semi-local variation of Theorem 14.11 

Theorem 4.10. Let X G Smboc^. Let W be a finite set of locally closed subsets 
ofY. Then the inclusion Tz^(X, •;m) ^ Tz'^(X, •;m) is a quasi-isomorphism. 
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We begin with some basic results related to cycles over semi-local schemes. 
Recall that when A is a ring and S = {pi, • • • ,Pn} is a finite subset of Spec (A), 
the localization at S is the localization A —)■ where S = nii(^\P*)- For a 

quasi-projective /c-scheme X and a finite subset S of (not necessarily closed) points 
of X, the localization Xs is defined by reducing it to the case when X is affine by 
the following elementary fact (see [25l Proposition 3.3.36]) that we use often. 

Lemma 4.11. Let X be a quasi-projective k-scheme. Given any finite subset 
S C X and an open subset U G X containing S, there exists an affine open subset 
V C U containing S. 

For X G Schfc and a point x E X, the open neighborhoods of x form a cofil¬ 
tered category and we have functorial fiat pull-back maps : Tz^fld n; m) —)■ 

Tz'^ff/. n\m) for : U ^ V in this category. 

Lemma 4.12. Let X G Sch^ and let x E X be a scheme point. Let Y = 
Spec (Ox,x)- Then we have colim^^et/Tz'^(f/, n; m) ^ Tz^fX, n\ m), where the col¬ 
imit is taken over all open neighborhoods U of x. 

Proof. Replacing x by an affine open neighborhood of a: G X, we may assume that 
X is affine and write X = Spec (A). Let p^. C A be the prime ideal that corresponds 
to the point x and let S := A \ p^, so that Y = Spec(S'“M). To facilitate our 
proof, using the automorphism y i—)■ l/{l — y) of we identify □ with and take 
{0,1} C as the faces. So, X x = X x A^ x A”“^ = Spec {A[t, yi, - ■ ■ , yn-i])- 

Let a E Tz'^fX, n; m). We need to find an open subset U G X containing x such 
that the closure of a in 17 x A^ x A"""^ is admissible. For this, we may assume a is 
irreducible, i.e., it is a closed irreducible subscheme Z G Y x A^ x A""”^. Let Z be its 
Zariski closure in X x A^ x A"'“^. Let p be the prime ideal of B := A[t, yi, - ■ ■ , yn-i] 
such that 17(p) = Z. 

For the proper intersection with faces, let q C R be the prime ideal (j/jj — 
A, -'' lUia ~ ^s)-, where l<ii<---<is<n — 1 and Cj G {0,1}. Let fp be 
a minimal prime of p + q. One checks immediately from the behavior of prime 
ideals under localizations that there is a G S' such that either = B[a~^] or 

ht(^R[a“^]) > q + s. This means, over f/q := Spec (A[a“^]), either the intersection 
with 17(q) is empty, or has codimension > q + s. Applying this argument to 
all faces, we can take 17i := fj^ f/q. Then Zjj^ intersects all faces of f/i x A^ x A"“^ 
properly. 

For the modulus condition, let v : Z^ —f Z X x x (P^)"“^ be the 
normalization composed with the closed immersion of the further Zariski closure 
Z of Z. Let Fffi = = cc} be the divisor at infinity. For an open set 

j : U X, the modulus condition of Zu means {m + l)[j*iy*{t = 0}] < [j*iy*{Fffi)] 
on Z^. Note that there exist only finitely many prime Weil divisors Pi, • • • ,Pi 
on Z^ such that ordp.(z/*(P“) — {m l)r'*{t = 0}) < 0. Their images Qi under 
the normalization map Z^ —)■ Z are still irreducible proper closed subsets of Z, 
thus of X X pi X (Fi)--L Since Z = Zy has the modulus condition on X x 
by the given assumption, we have (X x Bfij fl Qj = 0 for each 1 < i < i. Thus, 
there is an affine open subset U 2 G X containing x such that (P 2 x Bn) HQi = (/) 
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for each 1 < i < E. Now, by construction, Zu^ on U 2 x Bn satisfies the modulus 
condition. So, taking an affine open subset U G Ui H U 2 containing x, we have 
Zu G Tz^{U,n]m). That {Zu)y = Z is obvious. □ 

We can extend this colimit description to semi-local schemes: 

Lemma 4.13. Let Y be a semi-local k-scheme obtained by localizing at a finite set 
S of scheme points of a quasi-projective k-variety X. For a cycle Z on Y x Bn, 
let Z be its Zariski closure in X x Bn- 

Then Z G Tz'^jY, n; m) if and only if there exists an affine open subset U G X 
containing S, such that Zu G n\m), where Zu is the pull-back of Z via the 

open immersion U ^ X. 

Proof. The direction (<^=) is obvious by pulling back via the flat morphism Y M- 
U. For the direction (=^), by Lemma 14.121 for each x G S we have an affine 
open neighborhood Ux G X of x such that Zu^ G Tz'^CUx, n\ m). Take W = 

Open subset of X containing S. By Lemma [2^ we have 
'Z‘w ^ Tz'^flF,n: m). On the other hand, by Lemma 14.111 there exists an affine 
open subset U G W containing S. By taking the flat pull-back via the open 
immersion U ^ W, we get Zu G Tz'^ff/. n: m). □ 

Lemma 4.14. Let Y be a semi-local integral k-scheme obtained by localizing at 
a finite set S of scheme points of an integral quasi-projective k-scheme X. Let 
Z G Tz^(y, n;m), W G Tz^(y, n-|- l;m), and let Z, W be their Zariski closures in 
X X Bn and X x Bn+i, respectively. For every open subset U G X, the subscript 
U means the pull-back to U. Then we have the following: 

(1) IfdZ = 0, we can find an affine open subset U G X containing S such that 
Zjj G Tz^{U,n]m) and dZu = 0. 

(2) If Z = dW, we can find an affine open subset U G X containing S such 

that Zu G Tz'^(f/, Wu G Tz'^(f/, n -|- 1; m) and Zu = dWu- 

Proof. Note that (1) is a special case of (2), so we prove (2) only. Let Z' : = 
Z — dW G z'^{X X Bn). If Z' is 0 as a cycle, then take Lq = X. If not, let 
ZJ, • • • , Z' be the irreducible components of Z'. Since Z = dW, each component 
Z[ has empty intersection with Y x Bn- So, each 7r((Z')‘^) is a non-empty open 
subset of X containing S, where tt : X x —)■ X is the projection, which is open. 

Take (/„ = n;.. 

On the other hand. Lemma [4.131 implies that there exist open sets Ui,U 2 G X 
containing S such that Zui G Tz'^(17i, n; m) and Wu 2 £ Tz‘^{U 2 ,n l;m). Choose 

an affine open subset U G Uq O Ui D U 2 containing S, using Lemma 14.111 Then 
part (2) holds over U by construction. □ 


Proof of Theorem 4.1C\ We show that the chain map Tz^(y, •; m) Tz'^(y, •; m) 
is a quasi-isomorphism. Let X be a smooth affine fc-variety with a hnite subset 
S C X such that Y = Spec (C>x,s)- 

For surjectivity on homology, let Z G Tz'^fX n: m) be such that dZ = 0. Let Z 
be the Zariski closure of Z in X x Bn- Here, dZ may not be zero, but by Lemma 
I4.14f lj. there exists an affine open subset U G X containing S such that we have 
dZu = 0, where Zu is the pull-back of Z to U. Let Wu = {hFf/|hF G W}, where 
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Wu is the Zariski closure of W in U. Then the quasi-isomorphism Tz^^(f/, •; m) ^ 
Tz'^(17, •; m) of Theorem 14.11 shows that there are some C G Tz'^(t/, n -t- 1; m) and 
Z'u G Tz^^([/, n; m) such that dC = Zu — Z'jj. Let i ■. Y U he the inclusion. 
So, by applying the flat pull-back l* (which is equivariant with respect to taking 
faces), we obtain d{i*C) = Z — l*Z[j, and here YZ'^ G Tz^(F,n;m), he., Z is 
equivalent to a member in Tz^(y,n;m). 

For injectivity on homology, let Z G Tz^(y, n;m) be such that Z = dZ' for 
some Z' G Tz'^('F, n -|- l;m). Let Z and z' be the Zariski closures of Z and Z' 
on X X Bn and X x i?n+i, respectively. Then by Lemma [4.14f 2). there exists a 
nonempty open affine subset U <Z X containing S such that Zu = dZjj. Then the 
quasi-isomorphism Tz^^(17, •; m) ^ Tz'^(t/, •; m) of Theorem 14.11 shows that there 

exists Z” G Tz^^(t/, n -|- l;m) such that Zu = dZ". Pulling back via l : Y ^ U 
then shows Z = d{i*Z''), with i*Z" G Tz^(F, n -|- 1; m). □ 

Using an argument identical to Theorem 14.51 (see mi Theorem 7.1]), we get: 

Corollary 4.15. Let f : Yi ^ Y 2 be a morphism in where Y 2 G SmLoCfc. 

Then there is a natural pull-back f* : TC}i‘^(Y 2 ,n-,m) —)■ TCH'^(Yi, n; m). 

5. The Pontryagin product 

Let i? be a commutative ring and let (A, d^) be a differential graded algebra 
over R. Recall that {left) differential graded module M over A is a left A-module 
M with a grading M = (Bn&Mn and a differential cIm such that Am.Mn C Mm+n, 
dniMn) C Mn+i and dM{ax) = dA{o)x + {—l)'^adM{x) for a E An and x G M. A 
homomorphism of differential graded modules f : M ^ N over A is an A-module 
map which is compatible with gradings and differentials. 

In this section, we show that the multivariate additive higher Chow groups 
have a product structure that resembles the Pontryagin product. We construct a 
differential operator on these groups in the next section and show that the prod¬ 
uct and the differential operator together turn multivariate additive higher Chow 
groups groups into a differential graded module over for suitable m, when 

X = Spec {R) is in SmAff^®®. This generalizes the DGA-structure on additive 
higher Chow groups of smooth projective varieties in [TH]. The base held k is 
perfect in this section. 

5.1. Some cycle computations. We generalize some of [121 §3.2.1, 3.2.2, 3.3]. 
Let {X, D) be a fc-scheme with an effective divisor. 

Recall that a permutation a G &n acts naturally on via a{yi,--- ,yn) ■ = 
( 2 /<t(i )5 ■ ■ ■ !?/cr(n))- This action extends to cycles on X x and X x □ . 

Let n, r > 1 be given. Consider the hnite morphism Xn,r '■ A x ^ X x 
given by {x,yi,--- ,yn) {x,yl,y 2 , ■ ■ ■ ,yn)- Given an irreducible cycle Z C 
X X dehne Z{r} := {xn,r)*{[Z]) = [k{Z) : k{xnA^))] ' [Xn,r(^)]- We extend it 
Z-linearly. 

Lemma 5.1. If Z is an admissible cycle with modulus D, then so is Z{r}. 
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Proof. The proof is almost identical to that of [191 Lemma 3.11], except that the 
divisor (m + l){t = 0} there should be replaced by H x □ . We give its argument 
for the reader’s convenience. 

We may assume Z is irreducible. It is enough to show that Xn,r{Z) is admissible 
with modulus D. We hrst check that it satishes the face condition of Dehnition l2.3l 
When n = 1, the proper faces of □ are of codimension 1, and for e G {0, cxo}, we 
have dl{xn,r{Z)) = rdl{Z). When n > 2, for e G {0, oo}, we have dl{xn,r{Z)) = 
rdl{Z) and df{xn,r{Z)) = Xn-i,r{dt{Z)) if i > 2. For faces F C of higher 
codimensions, we consequently have F ■ {xn,r{Z)) = r{F ■ Z) ii F involves the 
equations {yi = e}, and F ■ {xn,r{Z)) = Xn-c,r{F ■ Z), otherwise, where c is 
the codimension of F. Since the intersection F ■ Z is proper, so is Xn-c,r{F ■ Z) 
by induction on the codimension of faces. This shows Xn,r{Z) satishes the face 
condition. 

To show that W := Xn,r{Z) has modulus F, consider the commutative diagram 


Z^ F^Z^^XxU 


'^n.r 


Xn,r 


jjjN uw 777 , i-w 

W --^XxD, 


where Z, W are the Zariski closures of Z and IF in X x and are 

the respective normalizations. The morphisms Xn,rj Xnr are the natural induced 
maps, and Xnr is induced by the universal property of normalization. Since Z has 
modulus D, we have the inequality 

n 

(5.1) i>'XzTxn”)]<Eiu4{» = i}] 

i=l 

By the dehnition of Xn,r, we have Xn,riF x □”) = D x Xn,r{2/i = 1} > 
{yi = 1}, and XnAVi = 1} = {Vi — 1} i > 2. Hence fIS.ip implies that 
[^*zFzXnA^ ^ ^)] - 12Ai[^*zFzX*nAyi = I}]' commutativity of the 

diagram, this implies that Xn,* [YTi=i ^w^wiVi = 1} - x □”)) > 0. By 

Lemma ITTI this implies YAi=i = 1} — x □") > 0, which means 

W has modulus D. This completes the proof. □ 


Let n, i > 1. Suppose X is smooth quasi-projective essentially of hnite type over 
k. Let {x,yi,--- ,yn,y,X) be the coordinates of X x □ . Consider the closed 

subschemes VJ on X x □"^+2 given by the equation (1 — i/)(l — A) = l — yi if i = 1, 
and (1 - i/)(l - A) = (1 - i/i)(l i/i H-h y\~^ - A(1 -h i/i H-h y{~‘^)) if i > 2 . 

Let Vx be the Zariski closure of in X x Let tti : X x —)■ X x 

be the projection that drops i/i, and let vrj := vri|v^. As in [191 Lemma 3.12], one 
sees that vrj is proper surjective. For an irreducible cycle Z C X x dehne (see 
[m Dehnition 3.13]) 7 ^ := • [Z x D^)) as an abstract algebraic cycle. One 

checks that it is also the Zariski closure of z/*(Z x □), where z/* : X x x □ —X x 

is the rational map given by v\x, i/i, • • • , i/„, y) = (x, 1/2,1/3, • • • , Vn-, V-, 

y Ui 

We extend the dehnition of 7 ^ Z-linearly. 
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Lemma 5.2. Let Z ^ z'^{X\D^n). T/ien 7 ^ G n + 1). 

Proof. Once we have Lemma 15.11 the proof of Lemma 15.21 is very similar to that 
of [IHl Lemma 3.15], except we replace (m + l){f = 0} by H x □ . We give its 

argument for the reader’s convenience. 

We may assume Z is irreducible. To keep track of n, we write — 7x- 
hrst check that it satishes the face condition of Dehnition 12.31 Let e G {0, 00 }. 

Let F C be a face. If F involves the equation {yj = e} for j = n, n + 1, then 
by direction computations, we see that = a ■ ^,^n+i(7z,J = ■ {Z{i}) 

for the cyclic permutation a = ( 1 , 2 ,--- ,n), and — 0 ) ^^i( 7 z,n) = 

a ■ {Z{i — 1}). Since Z is admissible with modulus D, so are Z{i} and Z{i — 1} 
by Lemma [5.11 In particular, all of a ■ Z,a ■ {Z{i}), and a ■ (Z{i — 1}) intersect all 
faces properly. Hence 7 ^^ intersects F properly. 

In case F does not involve the equations {yj = e} for j = n,n + 1, we prove it 
by induction on n > 1. By direction calculations, for j < n, we have dj{Yz^n) = 
Yg^Zn-i that the dimension of d){Yzn) is at least one less by the induction 
hypothesis. Repeated applications of this argument for all other dehning equations 
of F then give the result. 

It remains to show that 7 ^ has modulus D. Every irreducible component of Yz 
is of the form W = 7 r]^(Z'), where Z' is an irreducible component of Vx ■ {Z x D^). 
We prove W has modulus D. Consider the following commutative diagram 



^Z' 




V 


^ —L4 X X 



w'^ 


-)• X X □ 


where vz' is the normalization of the Zariski closure Z of Z' in i/ is the normal¬ 
ization of the Zariski closure W' of W in Xx and vr]^, are the induced mor- 
phisms. We use (x, yi, •••,?/„, y. A) G X x □ and (x, ?/ 2 , • • • , ?/„, ?/, A) G X x □ 

as the coordinates. From the modulus D condition of Z, we deduce 

n 

( 5 . 2 ) X □”+') < = 1 }. 

i=i 

Note that the above does not involve the divisors {y = 1} and {A = 1}. Since Vf- is 
an effective divisor on X x □”+2 dehned by the equation (1—|/i)(*) = (1 —?/)(l —A) 
for some polynomial (*), we have = 1 }] < [i^z'^*{y — i-}] + = !}]• 

Since the above diagram commutes, from fl5.2p we deduce 7i^*h'*L’Y,{D x < 

^N* = 1 } + { 1 / = 1 } + {-^ = i-}j- Hence by Lemma l2T| we deduce 

X < YTj= 2 ^*^W'{yj = 1} + {1/ = 1} + {-^ = 1}) which means W 
has modulus D. This hnishes the proof. □ 


Lemma 5.3. Let n > 2 and let Z G z'^{X\D^n) such that dl{Z) = 0 for all 
1 < i < n and e G {0, cxd}. Let a G ©„. Then there exists 7 ^ G z'^{X\D,n -|- 1) 
such that Z = (sgn(cr))(cr ■ Z) -|- ^( 7 ^). 
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Proof. Its proof is almost identical to that of [191 Lemma 3.16], except that we 
use Lemma 15.21 instead of m Lemma 3.15]. We give its argument for the reader’s 
convenience. 

First consider the case when a is the transposition r = {p,p+l) for 1 < p < n—1. 
We do it for p = 1 only, i.e. r = (1, 2). Other cases of r are similar. Let ^ be the 

unique permutation such that ^ • (x, pi, • • • , p^+i) = {x, pn, Pi, Pn+i, P 2 , • • • , Pn-i)- 

Consider the cycle 7 ^ := ^ - 7 ^, where 7 ^ is as in Lemma 15.21 Being a permutation 
of an admissible cycle, so is this cycle 7 ^. Furthermore, by direction calculations, 
we have c?]^( 7 ^) = 0, 9°( 7 ^) = r ■ Z, df{Yz) = 0 93 ( 7 ^) = Z. On the other 

hand, for e G {0, 00 }, is a cycle obtained from ^ permutation 

action. So, it is 0 because d^i^Z) = 0 by the given assumptions. Similarly for 
j > 4, we have 5 j( 7 ^) = 0. Hence 9 ( 7 ^) = Z + r ■ Z, as desired. 

Now let a G ©„ be any. By a basic result from group theory, we can express a = 
TrTr-i ■ ■' r 2 ri, where each is a transposition of the form (p,p + 1 ) as considered 

before. Let (Tq := Id and ai := T£Ti-i ■ ■ ■ ti for 1 < i < r. For each such i, 

by the previous case considered, we have (—l)^“^cr£_i ■ Z + (—• cx^-i • Z = 
Since T£ ■ = ag, by taking the sum of the above equations 

over all 1 < £ < r, after cancellations, we obtain Z + (—l)'’“^(j ■ Z = d{'Jz)j where 
Jz ■= Since (—1)'' = sgn(cT), we obtain the desired result. □ 

5.2. Pontryagin product. Let X G be an equidimensional scheme. For 

m = (mi,-- - ,mr) > 1, let CH(X[r]|Zlm) := ®q,nC}l‘^{X[r]\Dm,n). For m > 1 , 
we let TCH(X;m) = ©g,„TOT(X,n;m) = ©g,„OT(X[l]|D^+i,n - 1). The 
objective of 1 15.21 is to prove the following result which generalizes [191 §3]- 

Theorem 5.4. Let k be a perfect field. Let m > 0 and let m = (mi, - - - , nir) > 1. 
Let X, Y be both either in SmAff^®® or in SmProj;.. Then we have the following: 

(1) TCH(X;m) is a graded commutative algebra with respect to a product Ax- 

(2) CH(X[r]|Zlm) is a graded module over TCH(X; |m| — 1). 

(3) For f -Y ^X withd = dimP-dimX, f* : CH(X[r]|D^) ^ CH(y'[r]|D^) 
and /* : CH(y[r]|Zlm) —^ C}l{X[r]\D^[—d] (if f is proper in addition) are 
morphisms of graded TCH(A; |m| — 1)-modules. 

The proof requires a series of results and will be over after Lemma 15.131 

Lemma 5.5. Let Xi,X 2 G Sch“®. For i = 1,2 and r* > 1, let Vi be a cycle on 
Xi X A'’* X with modulus = (mu,-- - ,mir(), respectively. Then Vi x V 2 , 
regarded as a cycle on Xi x X 2 x x g, suitable exchange of 

factors, has modulus (mi,ZZl 2 )- 

Proof. We may assume that Vi and V 2 are irreducible. It is enough to show that 
each irreducible component W C Pi x V 2 has modulus (m-i, m 2 )- Let ti : Vi ^ XtX 
A^* X be the Zariski closure of p, and let Uy, -.Vi —)■ P* be the normalization 
for i = 1 , 2 . Since k is perfect, m Lemma 3.1] says that the morphism u : = 

—X —N — — - 

X P 2 = Pi X P 2 is the normalization. Hence, the 
composite IP^ ^IPA-PixP 2 , where IP is the Zariski closure of IP and uw is 

the normalization of IP, factors into IP^ ^ pf X V 2 -A- Pi X P 2 , where is the 
natural inclusion. 
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Let (ti, • • • , - ■ ■ , i/m+na) £ X ]^g |-]^g coordinates. 

Consider two divisors := Er=i{l/* = l}-E 5 Li = 0 },L>^ := YTiLV^liiVi = 

1 } — Xljli ^2j{i'j = 0}. By the modulus conditions satisfied by Vi and V2, we have 
((ti X 1 ) o (iy>y^ X > 0 and ((1 x ^2) o (1 x Uy^)*D‘^ > 0. Thus, we have 

h'*{ii X i2)*{D^ + D'^) > 0 on X V2 so that x i2)*{D^ + D'^) > 0 

on . Since i o = v o ^ this is equivalent to x i2)*{D^ + D‘^) > 0, 

which shows W has modulus (zZ2ii,ZZl2)- ^ 

Definition 5.6. Let r > 1 be an integer and define y : Xi x x x 

X2 X hJ" X Xi X X2 X X □^i +’^2 by {xi,t,{yj}) x {x2, {U}, {y'j}) H- 

{xuX2,{tti},{yj},{y'j}). 

The map y is fiat, but not proper. But, the following generalization of [iQl 
Lemma 3.4] gives a way to take a push-forward: 

Proposition 5.7. Let Vi C Xi x A^ x and V 2 C X 2 x A^ x be closed 
subschemes with moduli m and m>l, respectively. Then y\vixV2 is finite. 

Proof. Since y is an affine morphism, the proposition is equivalent to show that 
y\vixV2 is projective. 

Set X = Xi X X2 X Let T Xi x X2 x A^ x A'’ x A'’ x = 

X X A^ X A'’ X A^ denote the graph of the morphism p and let T X x x 

(P^)’’ X (P^)’’ = X X Pi X P2 X P3 be its closure, where Pi = P^ and P2 = P3 = (P^)’’. 
Let Pi be the projection of X x P^ x (P^)’’ x (P^)'’ to X x P* for 1 < z < 3 . Set 
r° = pf^{X X A'”). Then p3 : r° —)■ X x A'’ is projective. 

Using the homogeneous coordinates of Pi x P 2 x P 3 , one checks easily that 
Z := r° \ T C P U (lJI=i ^i) (i'hs union is taken inside X x Pi x P 2 x P 3 ), where 
E = X X {cx)} X ({0})^ X A'’ and Ei = X x {0} x ((P^)*“^ x {cx)} x (P^)^“*) x A’’. 

Let V = Vi X V 2 - Let Ty be the graph T restricted to V and let Ty be its Zariski 
closure in X x Pi x P 2 x P 3 . Since P 3 : T —)■ X x A'” is projective, so is the map 
rj. := Ty n r° ^ X X AL So, if we show Ty n Z = 0, then U ~ Ty = Ty is 
projective over X x A'’, which is the assertion of the proposition. 

To show Ty n Z = 0, consider the projections X x Pi x P 2 x P 3 X x Pi 
Xi X Pi X □"!. Since the closure Ui has modulus m > 1 on Xi x Pi x □"'U we 
have Ui fl (Xi x { 0 } x □"■!) = 0. In particular, Ty nP* ^ (tti opi)~^{Vi fl (Xi x 
{ 0 } X D"!)) = 0 for 1 < z < r. 

To show that Ty flP = 0, consider the projections X x Pi x P2 x P3 X x P2 
X2 X P2 X \EP^. Since the closure U2 has modulus m > 1 on X2 x P2 x -yyg 
have U2 n (X2 X ({ 0 })'’ x = 0. In particular, Ty nP (712 op2)~^(U2 n (X2 x 
({ 0 })^ X □"'2)) = 0 . This finishes the proof. □ 

Lemma 5.8. Let X G and let V be a cycle on X x A^ x A'' x with 

modulus (|zn|,m), where m = (mi, • • • > 1. Suppose /i|y is finite. Then the 

closed subscheme y{V) on X x A^ x has modulus m. 

Proof. This is a straightforward generalization of [191 Proposition 3.8] and is a 
simple application of Lemma 12.71 We skip the detail. We only remark that it is 
crucial for the proof that the A^-component of the modulus is at least |m|. □ 
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Definition 5.9. For any irreducible closed subscheme V C X x x x such 
that /i|y : V —)■ fiiV) is hnite, where /i is as in Dehnitiou 15.61 dehne as the 

push-forward fi*(y) = deg(/i|y) • [niV)]. Extend it Z-linearly. 

If Vi is a cycle on Xi x x and V 2 is a cycle on X 2 x A*” x such 
that /ijvixvi finite, we define the external product Fi x^ V 2 := /i*(Vi x V 2 ). If 
Pi = dim F, then dim(Fi x^ F) = Pi + P 2 - If Xi x X 2 is equidimensional and if 
qi is the codimension of F, then Fi x^ F 2 has codimension qi + q 2 — 1 - 

Lemma 5.10. LetVi G z^^{Xi[l]\Drmni) andV2 G z^^{X2[r]\Djn,n2) with Xi, X2 G 
and m,m > 1. Then Vi x^ F 2 intersects all faces of Xi x X2 x A^ x 
properly. 


Proof. We may assume that Fi and F 2 are irreducible. Fi x F clearly intersects all 
faces of W X A 2 X A^ X A^ X properly. It follows from Proposition 15 . 71 that 

hlvixvi is finite. In this case, the proper intersection property of /i(Fi x^F 2 ) follows 
exactly like that of the finite push-forwards of Bloch’s higher Chow cycles. □ 

Corollary 5.11. Let Xi, X 2 , X 3 G be equidimensional and let m> 1. Then 

there is a product 

x^ : z‘'FXi[l]|A)|m|,ni) (g) z'^F^ 2 [r]|A>m,n 2 ) ^ x X2)[r]\D^,ni + 112 ) 

which satisfies the relation XfiV) = d{^) x^?7 + (—1)"'F x^d{rj). It is associative 
in the sense that (oi x^ 02 ) (3 = aiX^ (02 x^(3) for ai G x'^‘(Xj[l] |Zl|m|,Ri) 

fori = 1,2 and (3 G x®(X3[r]|Zlm, 113). In particular, it induces operations x^ : 
CH'?F^i[l]I^H.^i)®CH^'(^ 2 [r]|D^,n 2 ) ^CH'?i+^^-'((XixX 2 )[r]|D^,ni+n 2 ). 

Proof. The existence of x^ on the level of cycle complexes follows from the combi¬ 
nation of Proposition 15.7[ Lemma 15.81 and Lemma 15.101 The associativity follows 
from that of the Cartesian product x and the product /i : A^ x A^ —)• A^. 

By definition, one checks x p) = d{^) x p + x d{p). So, by applying 

/i*, we get the required relation. That x^ descends to the homology follows. □ 

Definition 5.12. Let m = (mi,-- - ,mr) > 1 and let X be in SmAff^®® or in 
SmProj;!,. For cycle classes Q!i G CH^F^[1]I-I^H5 ’ 2 - 1 ) and 02 £ 112 ), 

define the internal product oi Ax 0:2 to be A3 (^(q!i x^a 2 ) via the diagonal pull-back 
A3, : CH''i+®-i((A X A)[r]|D^,ni + 712 ) ^ CW^^'^^-\X[r]\D^,n^ + n 2 ). This 
map exists by Theorem 14.51 and Corollary 14.151 

Lemma 5.13. Ax is associative in the sense that (oiAx« 2 )Ax/d = aiAx{(y.2Ax(3) 
/or 01,02 £ CH(A[1] |D|m|) and (3 G CH(A[r]|Dm)- Ax is also graded-commutative 
on CH(A[1]|D|^|). 

Proof. The associativity holds by Corollary 15.111 For the graded-commutativity, 
first note by Theorem 13.21 that we can find representatives Oi and 02 of the given 
cycle classes whose codimension 1 faces are all trivial. Let a be the permutation 
that sends (1, - - - , ni, rii -|-1, - - - , ni 4 - 712 ) to {jii -|-1, - - - , 77 , 1 - 1 - 772 ,1, •'' > so that 
sgn(cT) = (—l)"-i+"- 2 . It follows from Lemma 13751 that Oi Ax 0.2 = (—1)"^’''"'^02 Ax 
oi -|- d{W) for some admissible cycle W, as desired. □ 


Proof of Theorem\5.4\ The proof of (1) and ( 2 ) is just a combination of the above 


discussion under the observation that TCH'^(A, 77; m) = CH'^(A[l]|Zlm+i,'n —1) for 
m > 0 and 77 > 1. To prove (3) for /*, consider the commutative diagram 



















24 


AMALENDU KRISHNA AND JINHYUN PARK 


(5.3) Y[r] X {Y x Y)[r] x {Y x Y)[r + 1] x 


/X/ 


X[r] X ^ (X X X)[r] x x X)[r + 1] x 


/X/ 


There is a finite set W of locally closed subsets of X such that f* : zS(A'|i||r>|^,.) 
2 :^i(X[l]|Zi)|m|, •) and /* : z^(X[r]|Zi)m, •) ^ z'^^{Y[r]\Dm, •) can be defined as tak¬ 
ing cycles associated to the inverse images. Moreover, it is enough to consider 
the product of cycles in z^{X\\]\D\m\-i •) and z^{X[r]\Dm', •) by the moving lem¬ 
mas Theorems 14.11 and 14.41 For irreducible cycles Vi G z^^{X\i]\D\m\^n\) and 
V 2 G 2;®(X[r]|Zi)m, ^ 2 ), fhe map /iy is finite when restricted to f*{Vi) x f*{V 2 ) by 
Lemma 15771 In particular, /iy(/*(Fi) x f*{V 2 )) G x Y)[r]\Dm, ni + n 2 )■ 

Since the right square in the diagram (I5.3|l is transverse, it follows that f*{fix{V 2 X 
V 2 )) = hY(/*(^i) X /*(V 2 )) as cycles. The desired commutativity of the product 
with f* now follows from the commutativity of the left square in (15.dh and the 
composition law of Theorem 14.51 

The proof of (3) for /* is just the projection formula, whose proof is identical to 
the one given in [191 Theorem 3.19] in the case when Xi,X 2 G SmProj^. □ 

As applications, we obtain: 


Corollary 5.14. Let X be in SmAff^® or in SmProj^. Then for q,n > 0 and 
m> I, the group CW{X[r]\Dm,n) is a W(\m\-i){k)-module. 

Proof. Applying Theorem 15.41 to X and the structure map X —)■ Spec {k), it follows 
that CH(X[r]|Zlm) is a graded module over TCIl(fc; \m\ — 1 ). By Corollary 15.111 
this yields a TCH^(/c, 1; \m\ — l)-module structure on each CH^(X[r]|Zlm,R-)- The 
corollary now follows from the fact that there is a ring isomorphism Wm{k) ^ 
TCH^(/c, l;m) for every m > 1 by [2H1 Corollary 3.7]. □ 

We can explain the homotopy invariance of the groups CIL^ (X, n) in terms of 
additive higher Chow groups as follows. 


Corollary 5.15. For X G which is equidimensional and for g, u > 0, we 

have CH'^(X[l]|T)i,n) = 0. 

Proof. By Corollary [5TT1 we have a map x^ : CH^(pf[l]|Zli, 0)®CI1'^(X[1] |Zli, u) —)■ 
CH'^(X[1]|Zli,u) and it follows from the definition of x^ that [1] x^a = a for ev¬ 
ery a G CH'^(X[l]|Zli,n), where [1] G CIl^(pf[l] |Zli, 0) is the cycle given by the 
closed point 1 G A^(/c). It therefore suffices to show that the homology class of 1 
is zero. To do so, we may use the identification (□, {oo,0}) ~ (A^,{0,1}) given 
by ?/ I—)■ 1/(1 — y) again. Then the cycle C C A^ given by {{t,y) G LP\ty = 1} is 
an admissible cycle in z^{pt\i]\Di, 1 ) such that c?i([C]) = [ 1 ] and clo([C']) = 0 . □ 


6. The structure of differential graded modules 

In this section, we construct a differential operator on the graded module of 1|5] 
of multivariate additive higher Chow groups over the univariate additive higher 
Chow groups, generalizing [191 §4]- We assume that k is perfect and char(/c) 7 ^ 2 . 
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6.1. Differential. Let X be a smooth quasi-projective scheme essentially of £- 
nite type over k. Let r > 1 and let m = (mi,-- - ,mr) > 1. Let : = 

{(ti,--- ,tr) G I 7 ^ 1}. Consider the morphism x ^ 

X (ti, ■ ■ ■ - ■ ■ ,yn) ^ {h, ■■■ l/i,''' , l/n)- It induces 5 n : 

X X X ^ X X g;;, X □”+£ 

Recall a closed subscheme Z <Z X x PG x with modulus m does not intersect 
the divisor {ti - - - tr = 0}. So, it is closed in X x G^ x □"■. For such Z, we dehne 
:= Z\xxiG^)>^xn'^- 

Lemma 6.1. For a closed subscheme Z C X x x with modulus m, the image 
5n{Z^) is closed in X x G((^ x 

Proof. It is enough to show that : X x x □"■-)- X x G((j x 0"+^ is a 

closed immersion. It reduces to show that the map (G((j)^ —G((j x (P^ \ {1}) given 
by (ti, - - - ,tr) eA (A, - - - ,tr,l/(ti ■ ■ - tr)) is a closed immersion. This is obvious 
because the image coincides with the closed subscheme given by the equation 
ti • • • Uy = 1, where (ti, - - - ,tr,y) G G^^ x □ are the coordinates. □ 

Definition 6.2 (c/. [191 Dehnition 4.3]). For a closed subscheme Z C X x x 
with modulus m, we write 6 niZ) := 6niZ^). If Z is a cycle, we dehne 5niZ) by 
extending it Z-linearly. We may often write S{Z) if no confusion arises. 

Lemma 6.3. Let Z be a cycle on X x A'’ x with modulus m. Then 5n{Z) is a 
cycle on X X A^ X with modulus m. 

Proof. We may suppose that Z is irreducible. Let V = 6n{Z), which is a priori 
closed in X X G\^ x If the closure W of R in X x A'’ x has modulus m, 

then it does not intersect the divisor {ti - - - 1 ,, = 0} of X x A^ x so R = R', 

and R is closed in X x A'' x with modulus m. So, we reduce to show that 
V has modulus m. 

Let Z and R be the Zariski closures of Z and R' in X x A^ x □ and X x 
A'' X □ , respectively. Observe that 5n extends to : X x A*” x □ —X x 

X which is induced from A'' A A'" x □ A^ x □, where F is the 

graph morphism of the composite A’’—)-A^ □ of the product map followed 

by the open inclusion, (fi,-- - ,A) (A---A) '-G- (A---A;l), while a : □ — 

□ is the antipodal automorphism (a; 6 ) i—)■ ( 6 ; a), where (a; 6 ) G □ = are 

the homogeneous coordinates. Since F is a closed immersion and Id x a is an 

isomorphism, the morphism dn is projective. Hence, the dominant map 5n\z'^ • 

Z^ —)■ R induces 5n\-z '■ Z ^ V. In particular, we have a commutative diagram 


( 6 . 1 ) 


Z -s- Z^ -^ X X A'^ X □ 


&-n\z 


YjN vv Y7r A r rn”+l 

R -^R^^ -s-XxA^^xD 


where izii-v are the closed immersions, vz-, W sue normalizations, and 6n is given 
by the universal property of normalization for dominant maps. 

By dehnition, = 0} = {tj = 0} for 1 < j < r. First consider the case n > 1. 
PhenT^Pf^^^i = FG 1 for 2 < i < n+1. Now, ?>y4(Er=/ K+i,i-J2'’i=imj{tj = 
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Ti' FUi-j:u "‘iiti = 0}) =t a'+m-e'.i ’Mt, 

0}) = >'z4(Eri‘A'..-, - T,Urn,{ti = 0}) = <^JiMEr=i A'.. - EU'r^Ah = 

0}) 0, where f holds by the commutativity of flh.ip and :j; holds as Z has modulus 

m. Using Lemma [2.71 we can drop 5*, i.e., V has modulus m. 

When n = 0, we have for 1 < j < r, 5li'yLy{tj = 0} = i'z^*z^o{^j = 0} = 
= 0}, which is 0 because Z fl {tj = 0} = 0. Hence, S^VyLyiPy^ — 
= 0}) = 5lvyiyFy^ > 0. Dropping (5g, we get V has modulus m. □ 


Proposition 6.4. Let Z e z’^{X[r\\Dm',n). Then 5{Z) e 2 ;^+^(X[r]|Dm, h, + 1). 
Furthermore, S and d satisfy the equality 68 + 86 = 0. 


Proof. We may assume that Z is an irreducible cycle. Let 8^^ be the boundary 
given by the face ^ on X x A*” x for 1 < i < n and e = 0 , cxo. 

Claim: For e = 0, cx), (i) o 5^ = 0, (ii) 8^^^^ o 6n = 6n-i o 8l i_^ for 

2 < i < n + 1. 

For (i), we show that 6n{Z) fl {yi = e} = 0 for e = 0, cxo. Since 6n{Z) C 
V{ti- ■ -Uyi = 1), we have 6n{Z) fl {yi = 0} = 0. On the other hand, if 6n{Z) 
intersects {yi = oo}, then some U must be zero on Z, i.e., Z intersects {U = 0} 
for some 1 < z < r. However, since Z has modulus m, this can not happen. Thus, 
6n{Z)P\{yi = CX)} = 0. This shows (i). For (ii), by the dehnition of 6n, the diagram 

(g:;,)x X ^ X 

— 1 Sn 

G;, X ^ G;, X 


is Cartesian. Thus, 6n-i((/^*_i(Z)) = (i,^)*(6n(Z)) by [H Proposition 1.7], i.e., (ii) 
holds. This proves the claim. 

By Lemma ESI we know 6n(Z) has modulus m. Since Z intersects all faces 
properly, so does 6n(Z) by applying (i) and (ii) of the above claim repeatedly. 

For 86 + 68 = 0, note that 86n(Z) = (-l)H^^i,i'^n(^) - 8°_^yi6n(Z)) =1 

ES(-1)'(^„-iSS-i(Z)-^„-iSE-i(Z)) = - Er=i(-l)tV-iC^?i(Z)-V-.C-,(Z)) 

-6n-i = -6n-io8(Z), where f holds by the claim. □ 


Lemma 16.51 and Corollary 16.61 below, which generalize [T^ §4.2], have much 
simpler proofs than loc.cit. 


Lemma 6.5. Let Z e z‘^{X[r]\Dm,n) be such that 8l{Z) = 0 for 1 < i < n and 
e = 0, CX). Then 26^(Z) is the boundary of an admissible cycle with modulus m. 

Proof. Note that 6^(Z) is an admissible cycle on X x x □”■+2 with modulus 
m, by Proposition 16.41 For the transposition r = (1, 2) on the set {1, • • • , n + 2}, 
we have r • 6^(Z) = 6^(Z), by the dehnition of 6. On the other hand, we have 
r • 6^(Z) = —6^(Z) + 5 ( 7 ) for some admissible cycle 7 , by Lemma [5.31 Hence, we 
have —6^(Z) + ^( 7 ) = 6^(Z), i.e., 26'^(Z) = 8(^), as desired. □ 

Corollary 6 . 6 . Let k be a perfect field of characteristic 7 ^ 2 and let X be in 
SmAff^®® or in SmProj^. Letm>l. Then 6^ = 0 on CH''(X[r]|D^,n). 
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Proof. If r = m = 1, by Corollary 15.151 there is nothing to prove. So, suppose 
either r > 2 or |m| > 2. But, if r > 2, then we automatically have |m| > 2, so we 
just consider the latter case. 

Given a G CH'^(X[r]|Zlm, R-), by Theorem 13.21 we can hnd a representative 
Z e z^{X[r]\Dm-,n) such that dl{Z) = 0 for 1 < i < n and e = 0, cx). Then by 
Lemma [6.51 we have 26‘^{a) = 0. 

On the other hand, by Corollarv l5.141 the group CH'^(X[r]|Zlm, n) is a W(|m|-i)(fc)- 
module. As |m| > 2 and char(/c) ^ 2, it follows that 2 G (W(|m|-i)(fc))^- In 
particular, 6‘^{a) =0. □ 

6.2. Leibniz rule. We now discuss the Leibniz rule, generalizing [TUI §4.3]. Let 
X G Sch^^L Let ,yn+ 2 ) G X x x □"■+2 be the coordi¬ 

nates. Let T C X X X □"■+2 be the closed subscheme defined by the equation 
tyn+i yn+2{tti • ■ ■ t^yn+i !)• 

Definition 6.7 (c/. [191 Dehnition 4.9]). Given a closed subscheme Z d X x 
A^+^ X define Cz := T ■ {Z x D^) on X x A'’+^ x This is extended 

Z-linearly to cycles. 

Lemma 6.8. Let Z be a cycle on X x x with modulus m = (mi, • • • , m^+i). 
Then Cz has modulus m on X x x 0”+^. 


Proof. We may assume Z is irreducible. We show that each irreducible component 
V C Cz has modulus m. Let Z and V be the Zariski closures of Z and V in 
X X A^+^ X □” and X x A'’+^ x respectively. The projection pr : X x 

^r+l ^ ^+' 

^ X X X 'lT that ignores the last two C? is projective, while 

its restriction to X x x □’^+2 maps V into Z. So, pr maps V to Z, giving a 

commutative diagram 


( 6 , 2 ) 


V 


■N Uy 


> X X A’^+i X □ 


■72+2 


pr^ 


Priv 




pr 


X X A'’^^ X □ 


where ly and lz are the closed immersions, z/y and uz are normalizations, and pr^ 
is induced by the universal property of normalization for dominant maps. The 
modulus condition for V is now easily verihed using the pull-back of the modulus 
condition for Z on Z and the fact that pr*{fj = 0} = {fj = 0} for all j and 
W*FC = for all i. □ 

Corollary 6.9. Let Xi, X 2 G Sch^^L Let VT C Xi x A+ and V 2 C X 2 x A^ x 
be closed subschemes with moduli |m| and m, respectively with m > 1 . 

Under the exchange of factors Xi x A+ x X 2 X AL x ~ Xi x X 2 x A’'+^ x 
where n = ni + n 2 , consider the cycle Cy^x V 2 on Xi X X 2 X A’'+^ X Then 

/i|cvjxV 2 is finite. In particular, y.^{CvixV 2 ) as in Definition\5^is well-defined, and 
has modulus m. 

Proof. We set V = Vi x V 2 . From the definition of y, the map y : V X ^ 
Xi X X 2 X A'’ X □”■+2 is of the form y\v x Idn 2 - By Proposition 15.71 the map /i|y is 
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finite, thus so is /i|y x Idn 2 : x —)■ Xi x X 2 x A*” x Hence, its restriction 

to Cy = T ■ (y X n^) is also finite. The modulus condition for follows from 

Lemmas 15.81 and 16.81 □ 


Definition 6.10 (c/. [191 Dehnition 4.12]). Let Vi G and V 2 G 

z'^^{X 2 [r]\Dm,n 2 ) with Xi,X 2 G Sch^^L Let n = rii + n 2 and dehne Vi x^/ V 2 be 
the cycle a ■ /^^(Cy^xKz)) where a = (n + 2, n + 1, • • • , 1)^ G &n+ 2 - 

Lemma 6.11. Let Hi, V 2 he as in Definition W.KA Then Vi x^/ H G x 

X 2 ) [r] |Zlm, Rl + ^2 + 2 ). 


Proof. By Corollary 16.91 the cycle /i*(Cy^xy 2 ) has modulus m, thus so does W := 
Vi x^t' H 2 . It remains to prove that W intersects all faces properly. Let = 
(rii + 1, ni, • • • ,1) G ©n+i- Then by direct calculations, we have 
(6.3) 


I 


d’^W = a 

diw={ 


n.iVi x^5(H2)),aoiH 
dU{V,) X,, H, 

Hi x^, af_„,_2(H2), 


= 0,arfH = <5(Hi x^V2),dlW = 5y) x^H2, 


for 3 < i < rii + 2, 
for rii + 3 < i < n + 2, 


e G {0, cxd}. 


Since each H is admissible, using fl6.3|) . Lemma lS.lOl Proposition 16.41 and induction 
on the codimension of faces, we deduce that IH intersects all faces properly. □ 


Proposition 6.12. Let Xi,X2 G Sm^®®. Let ^ G z^i(Xi[l]|Zl|m|, h,i) and rj G 
z'^^ {X 2 [r]\Dm, n 2 ) ■ Let n = ni + n 2 and q = qi + q 2 - Suppose that all codimension 
one faces of ^ and rj vanish. Then in the group z^~^{{Xi x X 2 )[r]\Djn,n + 1), the 
cycle XfiV) — x^rj — (—l)"'i,^ x^ dp is the boundary of an admissible cycle. 


Proof. By fl6.3p . for 3 < i < ni + 2, we have x^i rf) = ci|_ 2(0 h = 0; 

while for ni + 3 < i < n + 2, we have x^/ rj) = ^ x^i dl_.^^_ 2 {ri) = 0. Hence, 
x^, p) = -d^i){ix^,p) = d{i x^p)-{an^-{i x^dp) + di x^p} 

by (I6.3p for i = 1, 2. Equivalently, 

(6.4) d{i x^ v)-d^Xf,p- an, ■ (^ x^ dp) = d{^ x^, p). 


But, for x^ dp, notice that 


(6.5) d^ii^x^dp) 


= forl<i<ni, ^ ^ rn ,^1 

^ x^di_ydp), for ni + 1 < i < n + 1, ^ ^ 


We have dl{dp) = 0 when i = ui+l by Claim (i) of Proposition lCTl and dl_n,{dp) = 
d{dl_.^^_ip) = (5(0) = 0 when ni + 2<i<n+lby Claim (ii) of Proposition 16.41 
Hence, ^ x^ dp is a. cycle with trivial codimension 1 faces, so, by Lemma (5.31 for 
some admissible cycle 7, we have an, ■ (^ x^ dp) = sgn(cr„J(^ x^ dp) + d{pf) = 
(_l)>T-i^ x^ ^7 + 5 ( 7 ). Putting this back in fl6.4p . we obtain d{^ x^ v) ~ d^ x^p — 
(_l)>T-i^ x^ dp = d{^ x^/ p) — 9 ( 7 ), as desired. □ 


The above discussion summarizes as follows: 


Theorem 6.13. Let X he in SmAff^®® or in SmProj^ over a perfect field k with 
char(/c) 7 ^ 2. Let r > 1 and m = (mi, • • • , m^) > 1. Then the following hold: 

( 1 ) (CH(X[l]|Zl|m|), Ax, (5) forms a commutative differential graded W(^ 1 ^ 1 - 1 )^*' 
algebra. 

( 2 ) (CH(X[r] |Zlm), d) forms a differential graded (CH(X[1] |il|m|), Ax, d)-module. 
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In particular, (CH(X[r]|Dm), <5) is a differential graded 

Proof. The commutative differential graded algebra structure on CH(X[1] |Zi)|m|) 
and the differential graded module structure on CH(X[r] 1^^) over CH(X[1] |Zi)|m|) 
follows by combining Theorem 15.41 Corollary 16.61 and Proposition 16.121 using The¬ 
orem [3]2l 

The structure map p : X —)■ Spec (k) turns (CH(X[l]|Zl|m|), Ax, 5) into a differ¬ 
ential graded algebra over (CH(pt[l] |Zl|m|), Apt, 5) viap*. Since ©„>oCH"’''^(pt[l] ii) 
forms a differential graded sub-algebra of (CH(pt[l] |Zl|m|), Apt, S). The map of com¬ 
mutative differential graded algebras W(|m|-i)^* —t {pt[l]\D\^\, n) (see 

[ 2 B]) hnishes the proof of the theorem. □ 

As a consequence of Theorem 16.131 fuse Corollary 15.151 when \m\ = 1), we obtain 
the following property of multivariate additive higher Chow groups. 

Corollary 6.14. Let r > 1 and m > 1 and let X be in SmAff^®® or in SmProj;i.. 

Then each CH^(X[r]|Zlm, n) is a k-vector space provided char(A;) = 0. 

7. Witt-complex structure on additive higher Chow groups 

Let A; be a perfect field of characteristic 7 ^ 2. In this section, a smooth affine k- 
scheme means an object in i.e., an object of either SmAfffc or SmLoCfc. 

Riilling proved in [28] that the additive higher Chow groups of 0-cycles over 
Spec {k) form a restricted Witt-complex over k. When X is a smooth projective 
variety over k, it was proven in [11] that additive higher Chow groups of X form 
a restricted Witt-complex over k. Our objective is to prove the stronger assertion 
that the additive higher Chow groups of Spec {R) G have the structure 

of a restricted Witt-complex over R. 

Since we exclusively use the case r = 1 only, we use the older notations Tz'^(X, n; m) 
and TCH^(X,n;m) instead of z‘^{X\l]\Dm+i,n — 1) and GYP{X\i]\Dm+i,n — 1). 

For X G Sch^, we let TCH(X;m) := ©„,gTCH''(X, n; m) and TCH“(X;m) : = 
©„TCH”(X, n; m). The superscript M is for Mz/nor. Let TCH(X) :=©mTCH(X;m) 
and TCH^(X) := ©,^TCH^(X; m). We similarly dehne TCn{X; m), TCR^iX; m), 
TCR{X), and TCR^{X) for X G Schfc using Dehnition 14.71 

7.1. Witt-complex structure over k. In this section, we show that the additive 
higher Chow groups for an object of SmAfF^*^® form a functorial restricted Witt- 
complex over k. For r > 1, let —)■ be the morphism x ^ x'', which 

induces (fr ■ Spec (i?) x Bn ^ Spec (i?) x Bn- By [H] §5.1, 5.2], we have the 
Frobenius : TCH'^(i?, n; rm -|- r — 1) —)■ TCH'^(i?, n; m) and the Verschiebung 
Vr : TCH'^(i7, n; m) —)■ TCH'^(i?, n; rm -[- r — 1) given by Fr = (fr* and Vj. = We 
also have a natural inclusion 91 : Tz'^(i?, •; m -|- 1) Tz'^{R, •; m) for any m > 1, 

which induces 91 : TCH'^(i?, n;m -|- 1) —)■ TCH'^(i?, n; m), called the restriction. 
Finally, by Theorem 16.131 there is a differential 5 : Tz'^(i?, •; m) Tz'^(i?, •1-1; m), 
which induces 5 : TCH'^(i?, n; m) TCH'^(i?, n -f 1; m). 

Theorem 7.1. Let X G SmAff^®® and m > 1. Then TCH(X;m) is a DGA 
and TCH^(X;m) is its sub-DGA. Furthermore, with respect to the operations 
S,y{,Fr,Vr in the above together with X = f* : Wmik) = TCH^(A;, l;m) —)• 
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TCH^(X, l;m) for the structure morphism / : X —)■ Spec (A;), TCH(X) is a re¬ 
stricted Witt-complex over k and TCH^(X) is a restricted sub-Witt-complex over 
k. These structures are functorial. 

Proof. In m Theorem 1.1, Scholium 1.2], it was stated that TCH(X;m) and 
TCH^(X;m) are DGAs, and that TCH(X) and TCH^(X) are restricted Witt- 
complexes over k with respect to the above 6,91, Fr,Vr, provided the moving lemma 
holds for X. But this is now shown in Theorems 14.II and 14.101 We give a very brief 
sketch of this structure and its functoriality. 

The functoriality of the restriction operator 91 recalled above, was stated in [T^ 
Corollary 5.19], which we easily check here: let / : X —)■ F be a morphism in 
SmAff^®® and consider the following commutative diagram: 


Tz^(F, •; m + 1) —^ Tz''(X, •; m + 1) 

Tz^(F, •; m)- - -^ Tz'?(X, •; m), 

where W is a finite set of locally closed subsets of Y, and the horizontal maps 
are chain maps given by the inverse images as in the proof of Theorem 14.51 and 
Corollary 14.151 The diagram and Theorems 14.11 and 14.101 imply that f*9i = 91/* 
because the vertical inclusions induce 91 by dehnition. 

For each r > 1, the Frobenius Fr and Verschiebung W recalled in the above 
are functorial as proven in m Lemmas 5.4, 5.9], and that Fr is a graded ring 
homomorphism is proven in [T2[ Corollary 5.6]. 

Finally, the properties (i), (ii), (iii), (iv), (v) in Section 12.2.21 are all proven in 
[191 Theorem 5.13], where none requires the projectivity assumption. □ 

Corollary 7.2. Let m > 1 be an integer. Then TC'H{—',m) and TCPL^{—^m) 
define presheaves of DGAs on Sch^, and the pro-systems TC'H{—) and TC'H^{—) 
define presheaves of restricted Witt-complexes over k on Sch^. 

Proof. Let X G Sch^.. By definition, TCPL{X-, m) is the colimit over all (X —)■ A) G 
(X / SmAfffc)°P of TCI1(A; m). But the category of DCAs is closed under filtered 
colimits (see [13]) so that FCPL{X-,m) is a DCA. For each morphism f : X ^ Y 
in Schfc, one checks /* : TCPiiY ; m) —)■ TCPL{X-, m) is a morphism of DCAs. The 
other assertions follow easily using Theorem 17.11 □ 

Before we discuss Witt-complexes over R, we state the following behavior of 
various operators under finite push-forward maps. 

Proposition 7.3. Let f : X ^ Y be a finite map in SmAff^®®. Then for r >1, 
we have: (a) /*91 = 91/*; {b) fj = 5/*; (c) /*F^ = F^/*; (d) /*K. = W/*. 

Proof. The item (a) is obvious and (b) and (c) follow at once from the fact that 
these operators are defined as push-forward under closed immersion and finite 
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maps and they preserve the faces. For (d), we consider the commutative diagram 

(7.1) 


A' X A‘ ^ A X A' 


/Xld 


/Xld 


y X Ai V X Ah 


Since this diagram is Cartesian and / as well as 0 preserve the faces, we conclude 
from [ 6 l Proposition 1.7] that /* o 0* = 0* o /*. □ 

7.2. Witt-complex structure over R. Let X = Spec (R) E SmAff^®®. The 
objective of this section is to strengthen Theorem 17.11 bv showing that TCH(A) is 
a restricted Witt-complex over R. 


Let m > 1 be an integer. We hrst dehne a group homomorphism r/j : Wm{R) 
TCH^(7?, l;m) for any h-algebra R. Recall that the underlying abelian group of 
Wm(R) identifies with the multiplicative group (l-|-ti?[[t]])^/(l-|-t™'+^i?[[f]])^. For 
each polynomial p(t) G (1 -|- consider the closed subscheme of Spec (R[t]) 

given by the ideal (pit)), and let F(p(p) be its associated cycle. By dehnition, 
r(p(t)) n{t = 0} = 0 so that F(p(p) G Tz^(R, l;m). We set F„,„ = F(i_a 4 n) forn > 1 
and a E R. 

Lemma 7.4. Let f(t),g(t) be polynomials in R[t], and let h(t) E R[t] be the 
unique polynomial such that (1 — tf{t)){l — tg{t)) = 1 — th{t). Then F(i_t/i(p) = 
T(i-tf{t)) + F(i_tgp)) in Tz^(R, l;m). 

Proof. This is obvious by (1 — tf{t)){l — tg{t)) = 1 — th{t). □ 

Lemma 7.5. For n > m + 1, we have =0 in TCH^(R, l;m). 

Proof. Consider the closed subscheme F C X x A^ x □ given by ?/i = 1 — P‘f{t). 

—(v — 11 — 

Let z/ : F ^ F X x A^ x be the normalization of the Zariski closure F in 

X X A^ X P^. Since f(t)t^ = 1 — i/i on F, we see that ni'*{t = 0} < r'*{yi = 1} 

—N 

on F . Since n > m + 1, this shows that F satishes the modulus m condition. 
Since 0“(F) = 0 and 0i(F) = F(i_jnj( 4 )) (which is of codimension 1), the cycle F 
is an admissible cycle in Tz^(i7,2;m) such that c?F = Fn-tT^frov This shows that 
F(i_,n^p)) = OinTCH'(R,l;m). □ 

Proposition 7.6. Let R be a k-algebra. Then the map : (1 -|- tR[t]) —)■ 
Tz^(R, l;m) that sends a polynomial 1 — tf{t) to defines a group ho¬ 

momorphism Tr : WmiR) —t TCH^(i?, l;m). 

Proof. Every element p{t) E (l-|-fi?[[f]])^ has a unique expression p{t) = nn>i(^“ 
ajytP) for On E R. For any such p{t), set p-'^it) = nr=i(l “ CLnt^)- We dehne 
TR{p{t)) = F(p<m(q). It follows from Lemmas 17.41 and 17.51 that this map descends 
to a group homomorphism from Wm{R)- n 

Recall from [2HI Appendix A] that for each r > 1, we have the Frobenius Fj. : 
Wrm-i-r-i(R) “^ Wm(R) and the Verschiebung W : Wm{R) —t Wrm-i-r-i(R)- They 
are given by Fr{l — aF) = (1 — a'^t^Y, where s = gcd(r,n) and Vr(l — aF) = 
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1 — On the other hand, as seen in Section EH we have operations Fj. and id- 
on {TCH^i?, 

Lemma 7.7. Let R be a k-algebra. Then the maps tr : Wm(-R) —)■ TCH^(i?, l;m) 
of Proposition \1.(\ commute with the and id- operators on both sides. 

Proof. That r^id- = id-PR, is easy: we have id-(rR(l — aF)) = id-(ra,n) = Ta^rn, 
while TR{Vr{l - aF)) = r(i_ar") = r^,™- 

That trF^ = F^tr, is slightly more involved. Recall that id-(l — ceF) = (1 ~ 
a'^Fy, where s = gcd(r,n). Write n = n's and r = r's, where 1 = {r',n'). 
Hence, we have — aF) = sT^r „ = sidi(r^r = sVn'iT^r' i) =: J(t, while 

FrTR{l - aF) = FrTa,n = FrVniTa,l) =: 0. 

First observe that when n = 1, we have s = 1, r = r',n = n' = 1, and we have 
0 = Fr(ra,i) = F^rj = Jit, so that TRFr{l — at) = FrTR^l — at), indeed. 

For a general n > 1, we have = Fr/FsVgVn' = Fr/ o (s ■ Id) oVn' = sFr/Vn' =i 
sVn'Fr', where f holds becanse {r',n') = 1. Since ^^'(^ 0 , 1 ) = ^ 0 ’-' 1 (^Y the hrst 
case), we have 0 = Fridi(Fa,i) = sidi'Fr-'(ha,i) = sidi^har' 1 ) = Ji». This shows 

TRFr = FrTR. □ 

Remark 7.8. In the proof of Lemma [7.71 we saw that for s = {r,n), 

(7.2) Fr(Ta,n) = id-(Fa,„) = Ta,rn- 

’ S 

Proposition 7.9. For X = Spec (R) G SmAff^'^'^, the maps tr : Wm{R) F 
TCH^(R, l;m) form a morphism of pro-rings that commutes with Fr and id- for 
r > 1. 


Proof. It is clear from the dehnition of Tr in Proposition 17.61 that it commntes with 
IH. We saw that tr commntes with Fr and id- in Lemma 17.71 So, we only need 
to show that tr respects the prodncts. By [H Proposition (1.1)], it is enongh to 
prove that for a,b E R and u,v > 1, 


(7.3) 


a,u 


A Tb^v = 




in TCHHR, 1 ;H, 


where w = gcd(M, v) and A = Ax is the prodnct strnctnre on the ring TCH^(R, 1; m) 
as in Theorem 17.11 

Step 1. First, consider the cBjSG wIigii u v 1, wg prove F^ /\ F^ F^^^,!* 
Recall that A is defined as the composition A* o o x in 


X X X X X 4 X X X X A X X Ad 


Under the identiheation X x X ~ Spec (i? ®k R), we have /i*(Pa,i x Pfe^i) = 
r(a®i)(i®b),i, and A*(P(a®i)(i 0 fe),i) = Pafe,i, becanse A is given by the mnltiplication 
R®k R ^ R. This proves fl7.3p for Step 1. 

For the following remaining two steps, we nse the projection formnla: xAVs{y) = 
Vs{Fs{x) A y), which we can nse by Theorem 17.11 

Step 2. Consider the case when n = 1, bnt n > 1 is any integer. We apply the 
projection formnla to a; = Fb i and y = F^ i with s = u. Since TCH^R, l;m) is 
a commntative ring, by the projection formnla, we get 14(hap) A F;,_i = 14(hap A 
FuiTb^i)). Here, the left hand side is Fq^^i A F^p by eqn:FV identity, while the right 
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hand side is K(ra,i A Tfeu i) =2 Vu{Tab^,i) ^ab^,u, where and =3 hold by 
fl7.2p and holds by Step 1. This proves fl7.3p for Step 2. 

Step 3. Finally, let u,v > 1 be any integers. Let w = gcd{u,v). We again 
apply the projection formnla to x = Fu(ra,i), y = Ffe^i, s = n, so that Fu(ra,i) A 
14;(rb,i) = V^^FyiVuiXa,i)) A Fbj). Its left iiand side coincides with that of fl7.3p 
by (E21)- Its right hand side is V^{F^{Ta,u) A Tb,i) „ A Ffc^i), where 

_ ’ w 

and hold by fl7.2p . But, Step 2 says that F^,^ „ A F^ i = „ so that 

^ w w 


„ A Ffe^i) = „) =t where = f holds by (D- This 

w ’’ w _ ’ w 

last expression is the right hand side of fl7.3p . Thus, we obtain the equality fl7.3l) 
and this hnishes the proof. □ 


Theorem 7.10. For Spec (7?) G SmAff^®®, TCH(F) is a restricted Witt-complex 
over R, and its sub-pro-system TCH^(F) is a restricted sub-Witt-complex over R. 


Proof. As saw in the proof of Theorem 17.11 we already have the restriction 91, 
the differential 6, the Frobenius F^ and the Verschiebung Vj. dehned by the same 
formulas. Furthermore, by Proposition 17.91 now we have ring homomorphisms 
X = Tn : Wm(F) TCH^(F, l;m) for m > 1. The properties (i), (ii), (hi), (iv) in 
Section 12 .2.21 are independent of the choice of the ring, so that what we checked in 
Theorem 17.11 still work. To prove the theorem, the only thing left to be checked is 
the property (v) that for all a G F and r > 1, 

(7-4) Fr6TR{[a]) = rR([a]'’"^)5rR([a]), 


where we have shrunk the product notation A and taken the ring homomorphism 
A to be tr. To check this, we identify Wm(F) with (1+ fF[[f]])^/(l+ P”+^F[[f]])^. 

If a = 0, then TR{[a\) = F(i_o.p = 0. So, both sides of fl7.4p are zero. 

If a = 1, then rj?([a]) = TR{l — t) = F(i_p. But, in our dehnition of 6, to compute 
it, we should hrst restrict the cycle F(i_p C Spec (F) x Gm onto Spec (F) x (G^ \ 
{1}), which becomes empty. Hence, (5rij([a]) = 5F(i_p = 0, so again both sides of 
(El are zero. 

Let a G F \ {0,1}. Then Tjj([a]) = F(i_ap C Spec (F) x A^, and (5rii;([a]) is given 
by the ideal (1 — at, 1 — tyi) in F[t, yi\. Since t is not a zero-divisor in F[t, yi], we 
have (1 — at, 1 — tyi) = (1 — at, yi — a) as ideals. Hence, FrSTR{[a\) is given by the 
ideal (1 — a^t, yi — a) in F[t, yi\. On the other hand. 


(7.5) 


TRiiaY ^)5rR([a]) = F(i_,.-p) A Spec 

_ _ {R®kR)[-t,yi] _ ^ _t gpgc f R[t^yd 


(l-{a’' l(g)l)(l(gia),j/i-(l(gia)) 


{l-a^t,yi-a) I ’ 


where f holds because A is induced by the product homomorphism F 0^ F —)■ F. 
Hence, both hand sides of (I7.4p coincide. This completes the proof. □ 


Theorem 7.11. For Spec (F) G SmAff^'^'^ and n,m>l, there is a unique homo¬ 
morphism t TCH"'(F, n; m) that defines a morphism of restricted 

Witt-complexes over R, t TCH*(F, •; m)}m, such that rfi.^ = tr. 

Proof. The theorem follows from Theorem 17.101 and [251 Proposition 1.15]. We 
have = tr because the map A of 1 12.2.21 is given by tr in Theorem 17.101 □ 






























34 


AMALENDU KRISHNA AND JINHYUN PARK 


We have shown in Propositions 17.61 and 17.91 that tji is a gronp homomorphism 
for any /c-algebra R and is a ring homomorphism if R is smooth. Here, we provide 
the following information on tr. 


Theorem 7.12. Let R be an integral domain which is an essentially of finite type 
k-algebra. Then tr is injective. It is an isomorphism if R is a UFD. 


Proof. Let K : = 
tative diagram 


Frac(i?) and l : R ^ K he the inclusion. This induces a commu- 





TCH^(i?, l;m)-^ TCH^(iL, 1; m), 


where the bottom map is the flat pull-back via Spec {K) —)■ Spec (R), and tr is 
the isomorphism by [2S1 Corollary 3.7]. Since Wmfi) is clearly injective (see [2S1 
Properties A.l.(i)]), it follows that tr is injective, too. 

Suppose now 7? is a UFD and V is an irreducible admissible cycle in Tz^(i?, 1; m). 
Then we must have {I{V),t) = R[t], where /(U) is the ideal of V. Since R[t] is 
a UFD, using basic commutative algebra, one checks that liV) = (1 — tf(t)) for 
some non-zero polynomial f{t) G R[t]. In particular, the map tr is surjective and 
hence an isomorphism. □ 


7.3. Etale descent. Finally: 


Proof of Theorem\1.4\ By Corollary 15.151 we can assume |m| > 2. We set Y = 


X/G, A = |G| and consider the diagram 


(7.6) 


G X X Ax 


X 




where 7 is the action map and p is the projection. Since G acts freely on X, this 
square is Cartesian and / is etale of degree A. By |Sl Proposition 1.7], we have 
r o /, = p, 07 * ; CW{X[r]\D^,n) ^ CH'^(X[r]|D^,n). 

Since / is G-equivariant with respect to the trivial G-action on X, we see that 
f* induces a map f* : C}Y{Y[r]\Dm,n) —)■ CH'^(X[r]|Dm,Moreover, it follows 
from [ 2 TI Theorem 3.12] that /* o f* is multiplication by A. 

On the other hand, it follows easily from the action map 7 that p* o 7* (a) = 
g*{a). In particular, p* o 7*( q ;) = A • a if a G CH^(X[r]|iAm, 

g&G 

Since A G and the Teichmiiller map is multiplicative with |m| > 2, we see that 
A G (W(|m|-i)(A;))^. We conclude from Theorem 15.4f 3) and Corollary 15.141 that the 

composite CH'^(X[r]ID^,n) ^ CH'^(X[r]|iAm,^ GW{Y[r]\Djn^n) yields 
the desired isomorphism. □ 
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